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Abstract

SYMMETRY ALGEBRAS OF THE CANONICAL LIE GROUP GEODESIC
EQUATIONS IN DIMENSION FIVE

By Hassan Almusawa

A dissertation submitted in partial fulfillment of the requirements for the degree of

Doctor of Philosophy at Virginia Commonwealth University.

Virginia Commonwealth University, 2020.

Directors: Dr. Ryad Ghanam, Professor of Mathematics, Department of Liberal
Arts and Sciences, Virginia Commonwealth University School of the Arts in Qatar
Dr. Gerard Thompson, Professor of Mathematics, Department of Mathematics

and Statistics, University of Toledo, Ohio, USA

Nowadays, there is much interest in constructing exact analytical solutions
of differential equations using Lie symmetry methods. Lie devised the method in
the 1880s. These methods were substantially developed utilizing modern mathemat-
ical language in the 1960s and 1970s by several different groups of authors such as
L.V. Ovsiannikov, G. Bluman, and P. J. Olver, and have since been implemented
as a software package for symbolic computation on commonly used platforms such
as Mathematica and MAPLE. In this work, we first develop an algorithmic scheme
using the MAPLE platform to perform a Lie symmetry algebra identification and
validate it on nonlinear systems of five second-order ordinary differential equations,
namely the canonical connection systems of geodesic equations associated with the
five-dimensional Lie algebras. In each case, the symmetry generators are determined,

and the corresponding nonvanishing Lie brackets are computed. Moreover, the al-
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gebraic structure of a Lie algebra of symmetries is identified. Second, we take a
theoretical approach and formulate the conditions for a Lie symmetry for the case
of the canonical Lie group connection when the Lie algebra is solvable with a one-
codimensional abelian nilradical; which pertains to algebras Az 7 — A5 15. Such condi-
tions have a complicated system of PDEs, as it has several equations and coefficients
to be determined. However, we push the integration of such PDEs as much as pos-
sible and investigate to what extent they clarify the concrete results obtained by

MAPLE. A comparison with qualitative analysis is demonstrated.
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CHAPTER 1

INTRODUCTION

I am certain, absolutely certain that. .. these theories will be recognized as

fundamental at some point in the future—Sophus Lie, [1]

Differential Equations, or DEs for short, are an indispensable subject in mathematics,
physics, biology, and many other disciplines. They are utilized to model numerous phe-
nomena. For example, fluid draining, meteorology, the spread of infectious diseases,
and the behavior of tidal waves all use differential equations. Once a differential equa-
tion is given in a question, one is usually concerned with obtaining solutions, whether
they are numerical, asymptotic, or analytical. Although many ingenious techniques
for obtaining the exact solutions analytically have been developed, the approaches to
finding solutions of differential equations can be quite difficult. Specifically, unfamiliar

equations whose solutions require unique and creative methods.
1.1 An Overview of Lie Symmetry Analysis of Differential Equations

From the late fifties, Lie group analysis of DEs, also known as Lie symmetry analysis
of DEs and Lie symmetry methods of DEs, has been one of the most powerful gen-
eral techniques for constructing exact analytic solutions of DEs. It was first initiated
by the Norwegian mathematician Marius Sophus Lie. He was born on December 17,
1842, in Nordfjordied, Norway. Having finished his studies at Nissen’s grammar school
in Christiania (now Oslo), he matriculated at the University of Christiania to study
science in 1861. While studying at the university, he did brilliantly in most subjects,

in particular in the mathematical sciences, physics, astronomy, and chemistry. Nev-
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ertheless, he did not demonstrate any particular preference for mathematics. The
watershed in Lie’s relationship to mathematics and his later mathematical career oc-
curred in 1868 after discovering works on modern geometry by Julius Pliicker and
Jean Victor Poncelet. Following his early research, Lie was awarded a travel scholar-
ship to a half-year in Berlin and a half-year in Paris. While in Berlin, he struck up
a friendship and a long fruitful cooperation with German mathematician Felix Klein
(1849-1925), who was a student of Pliicker. When Lie continued on to Paris in the
spring of 1870, Klein came along, and they both enjoyed the regular meetings with
French mathematicians, Camile Jordan and Gaston Darboux. The two friends real-
ized the importance of the group concept for the study of geometry. Lie studied the
theory of continuous transformation groups and Klein studied discontinuous trans-
formation groups from a geometric standpoint. As a result, they co-published several
papers including Klein’s Erlangen Program [2].

Lie returned to Norway where he instituted the study of continuous transforma-
tion groups, which now carry his name as Lie groups. He started examining partial
differential equations (PDEs), hoping that he could do for differential equations what
Galois had done for algebraic equations. Nevertheless, such work was not well-known
and accepted in the mathematical community during his time. In September 1884,
Klein and Mayer sent their able student, Friedrich Engel, to help Lie in the edition of
his work. This collaboration culminated in the publication of three volumes entitled
Theorie der Transformationsgruppen (The Theory of Transformation Groups) [3, 4,
5] in 1888, 1890, and 1893, respectively. This was Lie’s groundbreaking work, with
the assistance of Engel. The reference [6] presents a complete bibliography of all Lie’s
published work.

Sophus Lie passed away on February 18, 1899, and his methods have become tools

for understanding and solving problems in numerous areas of science and engineering
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today. More detailed information on the historical background of Sophus Lie and
his work can be found in [6, 7, 8, 9] and the references therein. There are numerous
prominent mathematicians not discussed who contributed to his work and those who
were, and still are, influenced by his theories.

The application of Lie’s symmetry approach to differential equations was not
exploited for half a century. Even then, the focus was solely on the abstract theory
of Lie groups. This was due to the formidable complexity of computations involved
in Lie method. The situation began to change when Ovsiannikov acknowledged the
essential application of Lie symmetry method to differential equations in the early
sixties. He systematically employed the methods of symmetry analysis of differen-
tial equations in the explicit construction of solutions for problems of mathematical
physics [11, 10]. Since then, the applications of Lie symmetry analysis has been uti-
lized in numerous problems of differential equations. In 1969, Bluman and Cole [12]
reintroduced Lie’s method for finding invariant solutions for heat equations. Never-
theless, a formidable obstacle to the generalization of the Bluman and Cole approach
were computational problems.

With the advent of reliable symbolic manipulation programs/languages in the
eighties, such as LISP, REDUCED, MACSYMA, MATHEMATICA, and MAPLE,
the algorithms known to Lie could now be implemented. Since then, the subject has
been studied extensively by a number of researchers, which in turn, opened the way
to clarification and deeper understanding. Among those are the books by Olver [13],
Bluman and Kumei [14], Bluman and Anco [15], Bluman et al. [16], Stephani [17],
Ibragimov [23, 18, 22, 19, 20, 21], Hydon [24], Hill [25], Cantwell [26], and very
recently Arrigo [27].

Since the revival of the application of Lie group theory to DEs, the use of Lie

symmetry methods has become an increasingly important part of the study of differ-
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ential equations, ranging from obtaining new solutions from known ones [13, 14, 28],
reducing the order of the given equation [13, 14, 24], deriving conserved quantities
[13], to determining whether or not a differential equation can be linearized and con-
struct an explicit linearization when one exists [29, 30, 31]. Moreover, it can be used
to classify equations in accordance with their symmetry algebra [33, 32].

To provide a simple explanation, a symmetry is a change or transformation which
leaves an object unchanged or invariant. For instance, any rotation of a circle about
its center is a symmetry. Various objects can have various degrees of symmetries;
intuitively, a circle has more symmetries than a rectangle. Thus, a symmetry can
be employed as a classification criterion. In the context of DEs, a symmetry is an
invertible transformation of the dependent and independent variables which does not
alter the form of the underlying equation or system of equations. Looking at a DE
enables one to deduce symmetries, like translations, scalings, and rotations. Certain
discrete transformations can also be deduced by inspection. Generally, obtaining
all symmetries of DEs is a laborious task that demands an algorithmic approach. If
we consider the symmetries of DEs that depend continuously upon a one-parameter
group, we can use the algorithm of Lie to compute them. In such an algorithm, the
symmetry conditions, also referred to as the determining or defining equations for
the symmetries, yield an overdetermined system of linear homogeneous PDEs, upon

expansion, which are solved for symmetries.
1.2 The Classification of the Five Dimensional Lie Algebras

For completeness, we present here a succinct summary of the real five-dimensional
indecomposable Lie algebras and their classification, as we study the symmetry alge-
bra of their corresponding geodesic equations. Such algebras were classified in 1963

by G.M. Mubarakzyanov [34] and refined in the 1976 paper by J. Patera et al. [35].
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There are forty classes of five-dimensional Lie algebras listed in [35]. They are de-
noted as Aj , which means the gth algebra of dimension p and the superscripts, if
any, represent the continuous parameters upon which the algebra depends. The first
six algebras are nilpotent and do not contain parameters. The algebras A; 7 — A5 15
are solvable and depend on parameters. They have a four-dimensional abelian nilrad-
ical. The algebras Ajs 19 — A5 30 are also solvable and depend on parameters, but they
have a four-dimensional non-abelian nilradical. The remaining algebras As 33 — As 39
are solvable and have three-dimensional nilradicals. Finally, the algebra As 4 is the
only case of dimension five that is nonsolvable, and it has a two-dimensional abelian
nilradical. See [36, 37, 38] for an excellent exposition of the classification of five-

dimensional Lie algebras. The concepts of Lie algebra, nilpotent, solvable, abelian,

and nilradical are defined in Section 2.4.
1.3 Geodesic Equations

The goal of section is to define Geodesic and Geodesic FEquations. The word Geodesic
originates from the science of geodesy, which is associated with measurements of the
Earth’s surface [39] (p.163). Moreover, the idea behind the concept of geodesics is
the generalization of straight lines in Euclidian space to Riemannian manifolds. For

a complete and detailed presentation of geodesics, see the books of McCleary [39],

O’Neill [40] and Pressley [41].

Definition 1.1 ([41]). A curve v(t) on a geometric surface S C R? is said to be a
geodesic if at every point y(t) the acceleration %(t) is either zero or parallel to its
unit normal N, where N is a differentiable Euclidean vector field on S that has unit

length and is everywhere normal to S.

We next introduce the following example, which strictly follows the definition. The
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straight line

y(t) =ct+d
is a geodesic since & (y(t)) =c¢ = %(W(t)) =0 < F(t) =0.

Equivalently, the geodesic equations are expressed as a system of nonlinear

second-order ODEs [42]
P4+ =0, (i,5,k=1,...,n), (1.1)

where the coefficients F;k are the Christoffel symbols, which are symmetric in the

lower indices I'j, = T, see the book of Hassani [43] for a detailed explanation. Such

symbols are defined as

1
= §9m(gmj,k + Gk — Gjkm)s (1.2)

where ¢"™ is a metric tensor, a function that tells how to compute the distance
between any two points in a given space. Moreover, they are defined in terms of the
components of the connection V as [44]

m 1 i vm i vm
Iy = _§(Y:1Jijp + YqJXJ}p)’ (1.3)

Y;Zj are the elements of n x n matrix and X7" is the inverse of Y:Ij. Equations (1.1)
represent the trajectories or path of objects moving under gravitational field. They are
important in the study of Riemannian Geometry and theoretical physics, especially

in General Relativity.
1.4 The Canonical Connection of a Lie Group

The inverse problem for the canonical Lie groups connection leads to so-called the

geodesic equations of the canonical Lie group connection. The canonical connection,
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denoted by V, was introduced in 1926 by Cartan and Schouten [45]. These geodesic
equations are engendered by a Lagrangian function as Euler-Lagrange equations. This
issue has been well studied by several different groups of authors. Here, we summarize
and synthesize these various accounts.

In the 2003 article of Thompson [46], an investigation was initiated to study the
inverse problem for the canonical connection in the case of Lie groups of dimension
two and three and, together with Ghanam and Miller, of dimension four [44]. More-
over, Strugar along with Thompson have continued the investigation to dimension
five [47]. In [47], they were able to construct a matrix Lie group denoted by S corre-
sponding to each five-dimensional Lie algebra listed in the 1976 paper by J. Patera
et al. [35], as a starting point for the derivation of such geodesics. Then, they con-
structed the right invariant one-form, by calculating dSS™!, and obtained a basis
for the right invariant vector fields, from which the corresponding geodesic equations
were determined. For a detailed background, main properties, and an algorithm for
such a canonical connection, the reader is referred to [46, 44, 48, 47] and the references

given therein.
1.5 Research Objectives

Very recently, Lie symmetry algebra identification has been conducted on a special
case of the inverse problem for the geodesic equations pertaining to the canonical
connection of Lie groups. Ghanam and Thompson have initiated an investigation of
the symmetry algebras of the canonical geodesic equations for Lie groups of dimension
two and three [49] as well as four [50] utilizing Lie’s methods. They have determined
a basis of symmetry algebras for each system of geodesic equations given and have
identified their corresponding symmetry algebras. Consequently, the initial goal of this

dissertation is to extend these investigations to dimension five. To be more specific,
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we consider the systems of geodesic equations associated with the five-dimensional
indecomposable Lie algebras. Such systems of equations were derived and calculated
in [47] by Strugar and Thompson.

Our choice of continuing such an investigation has been motivated by several
reasons. First, the situation in dimension five is more complicated than in dimension
two, three, and four, as symmetries of the geodesic equations in five-dimensional are
of very high dimensionality and involve an intensive computational process. Second,
we want to contribute to the understanding of symmetries themselves by studying
these large systems of equations since the algorithm of Lie still attract the attention of
many researchers and new results are published on a regular basis. Third, we want to
discover how to understand large-dimensional systems of vector field Lie algebras and
decompose them into some normal categories such as nilradical, solvable complement,
or semisimple, as well as identify these Lie algebras as abstract Lie algebras; that is,
in some cases, a Lie algebra of symmetries may be isomorphic to a known algebra
presented in some accessible list.

The second goal of this dissertation is to take a theoretical approach and for-
mulate the conditions for a Lie symmetry algebra for the case of the canonical Lie
group connection when the associated Lie algebra is solvable with a codimension one
abelian nilradical. These conditions have a complicated system of PDEs; and it is
difficult to be integrated in a complete generality. We, however, push the integration
of such PDEs as much as possible and investigate to what extent they explain the

concrete results obtained by MAPLE.
1.6 Dissertation Organization

In Chapter 2, we provide the background material, ideas, terminology, and methodol-

ogy that are used in the subsequent chapters. In particular, we introduce the elements
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of Lie symmetry analysis of DEs. The published work structuring Chapter 3 is de-
voted to searching for Lie symmetries and their properties for the geodesic systems of
equations associated with the nilpotent Lie algebras. Chapter 4 consists of a published
work concerned with Lie symmetries and their properties for the geodesic systems of
equations corresponding to the solvable Lie algebras. The materiel belonging to Chap-
ter 5 tackles the analytical derivation of symmetry conditions for the cases whose Lie

algebras are of codimension one ablein nilradical. A list of abbreviations and symbols

is given in Appendix A.
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CHAPTER 2

PRELIMINARIES

Prior to advancing to the main discussion of this work, we present some general results
and concepts which are essential for understanding the concept of Lie symmetry
methods of differential equations and throughout the whole work. First, we review the
concept of groups, one-parameter Lie groups, and later, we discuss the basic concepts
of the Lie’s theory of symmetry analysis of differential equations and some properties
of abstract Lie algebras. Finally, we supply an example illustrating the computation
of Lie symmetries of ODEs; we also clarify the symbolic algorithm employed in the

identification of Lie symmetry algebras of the geodesic equations under consideration.
2.1 Groups and Lie Groups

In this section, we present a brief review of the Lie groups essential for understanding
the concept of Lie symmetry methods of differential equations. For simplicity, we
confine our attention to groups, and one-parameter Lie groups of transformations,
which will also be helpful in establishing the terminology and the notations commonly
used in the subsequent sections. For detailed presentations, see Bluman and Kumei

[14], Olver [51], Sattinger and Weaver [52], and Gilmore [53].
2.1.1 Groups

Definition 2.1 ([54]). Let G be a set together with a binary operation, usually called
multiplication, that assigns to each ordered pair (g1, go) of elements of G an element in

G denoted by g1g2. G s called a group under this operation if the following properties

10
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are satisfied:

(i) Closure: For all g1, g2 € G, then g1g2 is € G.

(ii) Assosiativity: If gi, g2, g3 € G, then g1(9293) = (9192)9s-
(111) Existence of identity I € G: g1 = Ig1 = gy for all g1 € G.

(iv) Emistence of inverse g+ € G: gig;* = g7 g1 = I for all g, € G.
2.1.2 One-Parameter Lie Group of Transformations

One-parameter Lie groups of transformations or just Lie groups are special groups

which have an additional property aside from the group properties.
Definition 2.2 ([55, 56]). A set G is called a Lie group if
(i) G is a group.
(i) G is a smooth manifold. That is, the group operations: the multiplication map

G X G — G defined by (g1, 92) = 9192, (2.1)

and the inversion map
G — G defined by g, — g7 (2.2)

are smooth functions, meaning that all the derivatives to all orders exist.

It follows from Definition 2.2 that a Lie group carries an algebraic structure of a
group, and it is a smooth manifold. The term “smooth manifold” is an object that
looks locally like R™. G is called an n-parameter Lie group if n is the dimension of the
manifold. In this dissertation, we focus on one-parameter local Lie groups. The word
“local” indicates that Lie groups of transformations are defined in a neighborhood of

an identity transformation.

11
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Example 2.1. The set of complex numbers on the unit circle
S'={c?:0<0<2r}cC (2.3)

is a Lie group with the multiplication operation e?e™ = 't%) and the inverse oper-
ation ™" = ¢~ Said differently, S* is a Lie group since the group multiplication

and 1nversion maps depend smoothly on the parameter 6.
2.2 Symmetries of Differential Equations

This section introduces the mathematical procedures to construct the symmetries of
a given differential equation. First, we present some definitions of ODEs, which are

useful for determining the symmetries, and then we discuss the symmetries of ODEs.

Definition 2.3 ([17]). An nth — order system of ODEs is defined by

E(x,y,y',...,y(”)) =0, (i=1,...,9), (2.4)
where F; are functions of x,y and the derivatives of y up to order n, y = (Y1,...,Ys)
are s dependent variables, and y',y", ..., y"™ denote the derivatives of y with respect

to the independent variable x.

Definition 2.4 ([17]). An nth — order ODE defined as

d*y
w, k=1,...,n, (25)

v (@) = F (o, y(@0) /@),y @),y

where F' is a function of x,y and the derivatives of y with respect to x, can be written

as a linear partial differential operator

0 0,0 B
F_(&I:+y8y+y8y’+ +Fay<n—1>)‘ (2.6)

To illustrate Definition 2.4, consider the ODE v = F(z,y,3') = —y. Such an ODE

12
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can be expressed in terms of the linear operator I' as I' = (a% + y’a% — ya%,).
Dealing with differential equations sometimes requires a suitable change of vari-
ables in order for one to simplify the equation. That is, by mapping points (z,y) into

points (Z, 7). Such a technique is called a point-transformation.

Definition 2.5 ([17, 55]). A point-transformation is a change of variables

i‘:f(l‘,y), gj:g(fv,y), (27)

which is applied to simplify a differential equation under consideration. Here, f and

g are functions of the independent variable x and the dependent variable y.

In the study of symmetries of differential equations, one needs to consider trans-

formations on which depend, at least, one arbitrarily continuous parameter e.

Definition 2.6 ([17]). The system (2.4) is said to be invariant under the transfor-
mation (Lie group)

:Z”:f(x,y,e), g:g($7y7€)7 (28)

Fi(z,5,9,... ,g(”)) =0, whenever Fy(z,y,y,... ,y(”)) = 0. (2.9)
Such a transformation is called a symmetry of the differential equation.

The functions f and g, in Definition 2.6, are smooth functions of the variables x
and y. In other words, they are infinitely differentiable with respect to x and y.
Furthermore, they are analytic functions in the group parameter €, that is, functions

with a convergent Taylor series in €.

Example 2.2. The Lie group

T=cr, y=-cY, (2.10)
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18 a symmetry of

dy vy
v _ 7 2.11
de x’ ( )
since
dy ;
dj gy €7 dy dy
7 _ ar _ ~ dx < =L 2.12
iz dt T e | di do (2.12)
dx
However, j—g =2, thus
dy 'y ey ¥y dy vy
dt & ex = dz & (2.13)

Now, we define the infinitesimal of groups, which involves expanding the trans-

formation (2.8) in a Taylor series about € = 0.

Definition 2.7 ([57]). A Taylor series expansion of (2.8) about € = 0, with f(x,y,0) =

z,9(x,y,0) =y, yields the infinitesimal transformation of the group (2.8):

zrr+E(r,y)e, TRy+n(z,ye, (2.14)
where
_ Of(w,y,¢) ~ 0g(z,y,€)
§(z,y) = R n(x,y) = e |, (2.15)

The partial derivatives of f and g with respect to the group parameter € evaluated
at € = 0 are referred to as the infinitesimals or symmetries. The vector (£,7) is
defined as the vector field of the transformation (2.8).

The following definition gives a representation of a one-parameter Lie group of
transformation, such as (2.8), in the form of a group generator. This notion will lead

us to the discussion of Lie algebras.

Definition 2.8 ([57]). The vector field (2.15) can be written as a first order-differential

operator
X = £(a,5) 2 + n(z, y) o 2.16)
- 7y ax 77 7y ay .
14
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Such an operator is called the infinitesimal generator or symmetry genera-
tor of the transformation. It is also called the Lie symmetry vector field of the

transformation.

As an illustration, the group of rotations [57]
T =xCos€+ysine, Y= —xSIne-+ YyCose, (2.17)

has the following infinitesimal transformation
T ~T+ye, YRY-— €, (2.18)

and therefore the group generator (infinitesimal generator) associated with the given
Lie group has the form
0 0

X=y— —z—. 2.1
ox x@y (2.19)

For the sake of clarification, a Lie group G that transforms solutions of a differential
equation into solutions are referred to as symmetries of the differential equation.
Alternatively, the infinitesimal generators of the Lie algebra g of such a group G are
also referred to as symmetries of the differential equation. Moreover, in the literature,
this is commonly expressed by saying the differential equation is invariant with respect

to G or the differential equation admits G.

2.2.1 Transformation of the Derivatives: Extensions of Infinitesimal Gen-

erator

This section aims to clarify how to prolong or extend the infinitesimal generator X
to compute the derivatives y™ of the variable y in order to apply (2.4). Moreover,
such an extension (prolongation) enables us to obtain the symmetries of differential

equations of arbitrary order as well as with any number of dependent and independent

15
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variables. Define,[17],

—r _ dy _ df(zye) y/(%)+(%g) o ’oon )
T dz T dg(z,ye) y’(g—§)+(%) =Y (x;yay Y 76)7

g = ffi_zg =y"(z,y,y,y" €,

4 (2.20)
g = B = gDy Ly e
The extensions of X is defined by
.
T=r+ef(ry)+...,
y=y+en(z,y)+...,
v=vy+e(z,y,9)+..., > (2.21)
g™ =y L en™(z oy, y™) 4 .
where the expressions 1,7/, ...,n"™ are given by
_ 0y

(2.22)

IiL', s ! = yee ey (n) l‘, s I,..., (n) =
0 (z,y,y") ol " (2, y,y y") e |,

(2.22) is generalized in a similar manner to (2.15). Substituting the results into (2.21),

we obtain
A
— roo. . dy _ dytednt... y’+e(d—;l)+.-- o (@ N /ﬁ)
V=yten+ =G = draer. ~ et YV TN\gy V)
L (2.23)
(n—1)
G = ) 4 en Lo =y 4 e(dn_ _ <n>ﬁ) o
d d:c V,
from which we obtain
dp=t L de
16
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where — is given by
dx

0 0 0 0
D. = — A "n_=_ . (n) 2.2
v =g TV T gt Y e (2.25)
Thus,
0 0 0 0
XM = — — 41 N +..+n™ oyt 2.2
§(w,y)ax+n(w,y)ay+n(w,y,y)ay,+ +0" (@, .9,y )ay<n>’ (2.26)

where X is the n'* prolongation of X.
Now, we state the following theorem which characterizes Lie’s methods for ob-

taining symmetries of the differential equations.

Theorem 2.1 ([17]). A system of ODEs (2.4) or an ODE in any of the forms (2.5)

or (2.6) admits a group of symmetries with generator (2.26) if and only if
XMWE =0, (modF,=0), (i=1,...,s), (2.27)

or equivalently,

(X1 T] = AT, (2.28)
holds. X in (2.28) is not necessarily constant function depending on (z, Y, ,y(”_l)).

Theorem 2.1 tells us that there are two criteria for calculating symmetries. The first
criterion is useful in the study of symmetries of low-order ODEs. For n > 1, the
corresponding identity involves the free variables ¢/, ..., y™ ) allowing to break this
identity into a system of linear PDEs, also known as the defining system or determin-
ing system for the symmetries. The second criterion indicates that the symmetries,
as generators, form a Lie algebra. In brief, the study of Lie symmetries of a given
system of ODEs consists of two essential steps: (i) the determination of symmetry
conditions, which the components of the Lie symmetry vector fields must satisfy; and

(ii) the solution of the system of these symmetry conditions.

17
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2.3 Lie Algebras

The infinitesimal generators or symmetry generators of the form (2.16) form Lie

algebras. They form a closed set with respect to commutation ( Lie bracket).

Definition 2.9 ([26]). The commutator or Lie bracket of two symmetry genera-

tors X, and X, is the operator generated as follows

[Xa, Xo] = Xa(Xsp) — Xp(Xa)- (2.29)

For instance, let
X = o) 2 E) 2 2.30
a—a(m)@, b—ﬁ()xk, (2.30)

the commutator or Lie bracket of (2.30) is

(X Xo] = (2 )W (8" )W) B4 (x) 5 (oﬂ( )%)
_( gi])axk (5kaxk)aij' (2.31)

The operators (2.30) construct a vector space called a Lie algebra. An abstract defi-

nition of Lie algebra is presented in the next section.

Definition 2.10 ([26]). The infinitesimal generators, in the form of (2.16), denoted
by Xi, k=1,...,n, form an n-dimenstonal Lie algebra g with following proper-

ties:

(i) The Lie algebra g, is an n-dimensional vector space spanned by the basis set
of infinitesimal generators X,k = 1,...,n. Let o, € R and X, X, X, €
On- Thus,

aX,+ BXp € gy, Xo+ Xp =X + X, (2.32)

(ii) Bilinearity:

[0X, + X, X ] = a[Xq, Xc] + B[X,, X,]. (2.33)

18
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Table 1. Commutations of the Lie algebra of (2.37)
X X5 | Xi Xy Xy

X4 0 —Xs3 Xy
Xy X3 0 0

X3 —X 0 0
(111) Antisymmetry:
[Xa. X)) = = [X5, Xa] = ([Xa,Xo] =0). (2.34)
(iv) Jacobi identity:
(X, [Xo, Xe] | 4 [Xe, [Xe, Xo] | 4 [Xe, [Xa, X3] | = 0. (2.35)

2.3.1 An Example of Lie Algebra

The following group
T =xcose; —ysine; + €, ¢ =xsine; +ycose + €3, (2.36)

is called Group of Rigid Motions in R? [14]. Such a group is a three-parameter Lie
group of transformations, where the parameters €, €5,¢3 € R. The corresponding

infinitesimal generators are

0 0
X1 = —y% + xa—y, X2 =, X3 = . (237)

The commutators (Lie brackets) of the infinitesimal generators (2.37) are shown in
Table 1. The table is antisymmetric with its diagonal elements all zero, and the

structure constants are easily read off from the table, as well as the Jacobi identity

is satisfied for (2.37). Thus, the infinitesimal generators (2.37) form a Lie algebra.
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2.4 Algebraic Properties of Lie Algebras

After constructing the symmetries of a differential equation under consideration, one
can further classify Lie algebras of the symmetries into categories such as solvable,
nilpotent, etc, that is, to identify their algebraic structures. Therefore, the object
of this section is to put together for subsequent chapters some of properties and
definitions of abstract Lie algebras. For a fuller introduction to the theory of Lie
algebras together with detailed proofs of theorems and propositions, the reader is
directed to the books by Jacobson [58], Humphreys [59], Erdmann and Wildon [60],

and Knapp [61] as well as references listed herein.

Definition 2.11 (Lie Algebras). Let g be a vector space over a field F. An operation
g X g — g, denoted by (x,y) — [z,y], is called the Lie bracket of x andy. Then g is

called a Lie algebra over I if the following three axioms are satisfied:
(1) Bilinearity: Ya € F and Vx,y,z € g, [ax + vy, 2] = alz,y] + [y, 2].
(11) Antisymmetry: ¥z, y € g, [x,y] = —[x,y].

(iii) Jacobi identity: Vx,y,y € g, [z, [y, z]] + [y, [z, z]] + [z, [z, y]] = 0.

The axiom (ii) in Definition 2.11 implies [z, z] = 0, x € g, if char F # 2. g is referred

to as real if F = R and complex if F = C.

Definition 2.12 (Lie Subalgebras). A subspace h C g is a subalgebra of the Lie
algebra g if the Lie bracket or commutator of any two elements of by is again in b,

that is, closed under the commutation [f), f)} Cb.

Definition 2.13 (Abelian Lie Algebras). A Lie algebra g is called abelian if the

Lie bracket vanishes, that is, [Xa,Xb} =0 VX,, Xy € g, and non-abelian otherwise.

Definition 2.14 (Ideal Lie Subalgebras). A subalgebra b C g is an ideal if [h,g] C

b, that is, any bracket with elements from g is in b.

20

www.manaraa.com



Definition 2.15 (Solvable Lie Algebras). Let g be a Lie algebra. The derived Lie
algebra of g is a subalgebra g = gV defined by g’ = [g, g] , while the derived series is

the sequence of Lie subalgebras defined by

If the derived series eventually arrives at the zero subalgebra, that is, g™ = 0 for

some m > 0, then g s called a solvable Lie algebra.

Definition 2.16 (Nilpotent Lie Algebras). Let g be a Lie algebra. The lower

central series of g is defined by
g=g' and g"=lg.g"", m>2. (2.38)

If the lower central series terminates, that is, g™ = 0 for some m > 0, then g is called

a nilpotent Lie algebra.

Definition 2.17 (Radical and Nilradical Lie Algebras). The solvable radical or
radical of g, denoted by t, is the maximal solvable ideal of g. The nilpotent radical or

nilradical of g is the biggest nilpotent ideal of g denoted by nr.

Definition 2.18 (Decomposable Lie Algebras). A Lie algebra g is called de-
composable if it can be decomposed into the direct sum of two or more nonzero Lie

algebras, that is, g = g1 ® g2 D ... 9k, and indecomposable otherwise.

Definition 2.19 (Simple and Semisimple Lie Algebras). A Lie algebra g is
called simple if it is non-abelian and does not have any nontrivial ideal at all. A Lie

algebra g is called semisimple if it is a direct sum of simple Lie algebras.

Definition 2.20 ([62]). A solvable Lie algebra g can be written as the algebraic sum

of
g=nt}V, (2.39)
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where nt is the nilradical and'V' is a complementary linear space, that is, a complement

to the nilradical ne in g.

The next theorem due to the mathematician Eugenio Elia Levi (1883-1917) [63]
asserts that any Lie algebra can be constructed from solvable and semisimple Lie

algebras.

Theorem 2.2 (Levi’s Theorem). Any finite-dimensional Lie algebra g can be de-

composed into a vector space direct sum
g=1tDs, (2.40)

where ¢ is the radical of g and s is a semisimple Lie subalgebra. The semisimple Lie

algebra s is called the Levi factor.

Definition 2.21 (Semi-direct Product of Lie Algebras). Let g be a Lie algebra.
g is the semi-direct product of two subalgebras g, and gy if the product of g1 and go

is a vector space and [g1,g2] C g1. We write g = ga X g1.

Definition 2.22. In the Levi decomposition the Lie algebra g is a semi-direct product

of s and ¢ denoted by s X t.

Definition 2.23 (Adjoint Representation). If g is a Lie algebra and x € g, the
adjoint representation of g is defined as ad(x)y = [x,y], which provides a matriz

representation of g.
2.5 An Example of Calculation of Symmetries

In this section, we provide a step-by-step procedure for how to determine the sym-

d2
metries of the second-order ODE d—‘g = 0, construct a Lie algebra of the obtained
x

symmetries and identify its structure, as well as employ the resulting symmetries to

22

www.manaraa.com



solve the ODE. This ODE can be solved by direct integration; however, the basic
idea is to illuminate the algorithmic computation of Lie symmetry methods and the
usefulness of the recognition of symbolic algorithms presented in this dissertation. It
is also crucial to understand these techniques before returning to computer algebra
software.
d*y
Step one. We let F' = pri 0 and the symmetry generator be of the form
x

(2.16), that is,

0 0

Step two. We apply the second-order extension of (2.41) to the given ODE since

it is of second order. Then, the symmetry condition (2.27) becomes
X®F|,_, =0, (2.42)

<nmm + (znzy - gmz)yl + (nyy - 2€zy)y/2 - gyyy/s + (ny - 2§z)y” - 3£yy,y”) = 07 (243)

d? d?
where y’ = d—‘z Substituting d—z = 0 into (2.43) gives
x x

Nez + (277xy - fzz)yl + (nyy - Qfxy)ya - §yyy/3 = 0. (2-44)

Step three. We find the system of determining equations by setting the coeffi-

cients of 4,4y, v/, and (y')° to zero. Thus,

Eyy =0, (2.45)
Nyy — 260y = 0, (2.46)
2py — &oo = 0, (2.47)
New = 0. (2.48)

Step four. We solve the system of overdetermined linear PDEs for the functions
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&(z,y) and n(z,y). Integrating (2.45) twice w.r.t. y yields
§(x,y) = a(x)y + b(z), (2.49)
where a and b are arbitrary functions. Integrating (2.48) twice w.r.t. =, we obtain
n(z,y) = py)r +q(y), (2.50)
where p and ¢ are further arbitrary functions. Differentiating (2.46) w.r.t. y gives
Myyy — 28ayy = 0. (2.51)
Differentiating (2.45) w.r.t. x and substituting into (2.51) gives
Nyyy = 28ayy == Tyyy = 0, (2.52)

from which, we obtain

p'"(y)x + q///(y) —0. (2.53)

When we set the coefficient of = to zero, we get
p"(y) =0, (2.54)

q"(y) = 0. (2.55)

The solutions of (2.54) and (2.55) are simply given as
p(y) = c1 + cay + oy’ (2.56)

4(y) = ¢ + sy + cey’, (2.57)

where ¢y, ¢9, ¢19, ¢4, ¢5, and cg are constants. Substituting (2.56) and (2.57) into equa-
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tion (2.50) gives
n(z,y) = (c1 + ey + croy”) T + 1 + 5y + ey’ (2.58)
Substituting (2.58) and (2.49) into (2.47), we get
2(ca + 2c10y) — (a"(z)y + V" (2)) = 0. (2.59)
Upon setting the coefficients of y to zero, we obtain
a’(x) = 4ey, (2.60)

V' (x) = 2c,. (2.61)

Integrating (2.60) and (2.61) and substituting into (2.49) gives
E(x,y) = (c7 + cox + 2010902)3/ + cg + 31 + oz’ (2.62)
Upon substitution of (2.58) and (2.62) into (2.46), we obtain
2c100 4 2¢6 — 2(cy + 4crox) =0, (2.63)
which implies that ¢;p = 0 and ¢g = ¢9. Thus, (2.58) and (2.62) become
&(x,y) = (cr + o)y + s + c37 + 22, (2.64)

n(z,y) = (c1 + )T + ca + sy + ey’ (2.65)

where ¢; — cg are independent and arbitrary constants.
Step five. We construct a symmetry generator for each constant using the sym-
metry generator (2.41). The generators will be denoted by X;, i = 1,...,8, where the

coefficients of the generator are obtained by setting ¢; = 1 and all other constants to
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Table 2. The Lie brackets of generators (2.66)

X, Xj] X4 X X3 X4 X5 Xg Xy X3

X1 0 0 -X; 10 Xy X X3 —Xg | —X4

X 0 0 X5 | =X 0 0 —Xg —2X3 — X5
X3 X3 X 0 0 0 0 —-X7 —Xg

X4 0 X3 0 0 X4 X3+ 2X5 | Xg 0

X5 —-X 0 0 —Xy4 0 Xeg X7 0

X6 —Xa 0 0 —X3—-2X5 | —Xg | 0 0 —X7

Xy X — X3 | Xp X7 —X3 -X710 0 0

Xg Xy 2X3 + X5 | Xg 0 0 X7 0 0

0 0 0 0 0
1 ajayv 2 x 8$+$y8y’ 3 xa ) 4 8y7
0 0 0 0 0

Xy =y— X¢ = xy— 2— = Xg=— 2.

Step six. We find the symmetry algebra of the given ODE by evaluating the
brackets of generators of symmetries, and then recognize its Lie algebra type. The
Lie brackets of generators (2.66), shown in Table 2, define a semisimple Lie algebra
spanned by X1, X, X3, Xy, X5, Xg, X7, Xg. We perform a change of basis a number

of times in order to obtain the most standard basis for an abstract semisimple Lie

algebra.
e1 = X3 — X5, er = X3 + X, ez = 2Xy, eqg = Xy,
€y = )(77 € = Xg, €7 = Xﬁ, €8 = 2X2 (267)

Evaluation the brackets of (2.67) gives a representation of algebra sl(3,R) with its

nonvanishing Lie brackets

[61763] = 2es, [61764] = €4, [61765] = —2es, [61766] = —€g, [61767] = —ér,
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le1,es]) =es, [e2,ea] = —es, [e2,66] = —e6, [e2,€7] = €7, [ea, €] = es,

es €
[es, 5] = 2e1, e, e6] = —2e4, [e3,e7] = es, [e4, 5] = es, e, 7] = 52 - 51,
les, e8] = e3,  es,es] =2e7, e, 7] = €5, les, es] = €1 + 3eq. (2.68)

Step seven. We now apply the obtained symmetries (2.66) to find solutions of
the given ODE. We will particularly consider X;, X, and Xg. We make use of the
Method of Differential Invariants described in [14]

d d dy’ dy™
vy y/:...:() v o (2.69)
§y)  nl@y)  n(zyy) (g, ys .. y™)
0 .
Hence, X; = x—. In this case
dy
d
?y =0 = y=h. (2.70)
X, = xQ% -l—xy(%. In this case
d d d
_x:_y:>_y:g:>y:xeoz>y:k2x. (2.71)
2wy dr «x
X4 = xy((% +y2§y. In this case
d d
oYy = ke (2.72)
ry Y

2.6 Illustration of MAPLE Code-Assisted Identification of Symmetry Al-

gebra

We conclude this chapter by providing readers with a glimpse of how our code is
efficiently implemented in the identification of Lie symmetry algebra of a given sys-
tem of geodesic equations. We present a step-by-step procedure demonstrating the

algorithmic scheme written in a MAPLE file. Its essence is to decrease the com-
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plexity of the intensive computational process and verify the accuracy of the out-

comes. To illuminate such a symbolic algorithm, we consider the geodesics associated

with Agf’;.
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Implementation of Maple Code

Step A. Begin by clearing the Maple internal memory so that Maple acts as if just booted up.

|:> restart

Step B. Initiate all the necessary packages. Use the colon instead of a semicolon to suppress the output.

[> with(PDEtools) :
|:> with ( Differential Geometry) :
|:> with (LieAlgebras) :

Step C. Declare the dependent and independent variables using the commands diff table and declare to
avoid redundancies in the input and in
the display of the output.

> declare((q,x,y,z,w)(t), (T, A, E, M, W, 0) (£, g, %, ¥, 2, W))
q(t) will now be displayed as q

x(t) will now be displayed as x
v(t) will now be displayed as y
z(t) will now be displayed as z

w(t) will now be displayed as w
tau(t, q, x,y, z, w) will now be displayed as ©
lambda(t, q, x, y, z, w) will now be displayed as '\
xi(t, g, x, y, z, w) will now be displayed as &
eta(t, q, x,y, z, w) will now be displayed as n
mu(t, q, x,y, z, w) will now be displayed as |\

sigma(t, q, x, y, z, w) will now be displayed as 6 1)
> DepVars = [q,x,y,z, w|(?);
DepVars == [q,x,y,z, W] 2)
> 0,X, Y, Z, W:= diff table(q(t)), diff table(x(t)), diff table(y(t)), diff table(z(t)),

diff table(w(t)) :

Step D. Declare the system of ODEs (geodesics) corresponding to 4, , i.e.,

q (1) =q ()w (1), x"(1) = ax ()w (2), y" () =by ()w(1), z" (1) = cz'()w (t), w(2) = 0.

(> abc#0,-1<c<b<a<l

abc # 0, —1 <candc < bandb < a <1 3)
> Egl = Qt,t:Qt'W
“)
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i Eq2 = X, ,=a (xt) (wt) &)
> Eq3:=Y,  =bY-W,

Eq3 =1y, ,=b(¥) (™) (6)
> Eq4 = Zt,t=c~Zt-Wt
Eq4 = z,,=¢ (zt) (wt) @)
> Eq5 = Wt’t=0
Eq5 == W= 0 3

(> PDESYS = [Eql, Eq2, Eq3, Eq4, Eq5]
PDESYS := [qmz (ql) (wt),xmza (xt) (wt),yMZb (yt) (wt),zm=c (Zt) (wt),wt,t &)
=()]

Step E. Compute the infinitesimals of symmetry generators and determine the number of symmetries for
the given system. Use the Infinitesimals and nops commands directly.

G := Infinitesimals (PDESYS); nops (G);
=[5t g w.x,2) =0, 1 (6 g, W, x,y,2) =0, 1, (1,4, W, %, y,2) =0, _1 (£ ¢, W, x,

_>
G:
»,2) =0, N (6 g, wxy,2) =0, _n_(t,q,w,%,y,2) = 1], [ _§(t ¢, W, %3,2) =0, _1n_(&
g w,x,y,z)=0,_n (&g, w,x,y,z) =1, 1 (t, g, w,x,y,z) =0, _ny(t, q,w,x,y,z) =0,
(4w, %3, 2) =0 [LE (6,0, w30, 2) = 61, (1,6, 9, 3,0, 2) = 0, 11, (8, 6, w, %, 3,
z)=0,_n(tq,wxyz)=0, _T)y(t, g, w,x,,z)=0,_n_(t, g, w,x,,z) = 0], [_ét(t, q,
w,x,y,z)=1, _nq(t, g, w,x,,z)=0, 1 (t,q,w,x,,z)=0,_n(t,qwx,y2)=0,
(64w, %,9,2) =0, (¢, W, x,3,2) =0], [_G, (6 ¢, w, %,y,2) =0,_n_ (£ ¢, w, %, y,
z)=1,_n (t, g, w,x,,z)=0,_n (g, w,x,y,z)=0, _ny(t, g, w,x,,z)=0,_n_(%, g, w,
X, ,z)= 0], [_ét(t, g, w,x,y,z) =0, _nq(t, g w,x,,z)=0,_n (t,q,w,x,y,z) =0,
06 gowex.2) = 1 (6w, 2) =0, 11 (.. w.x,3.2) =0 [ &, (6. woxy,
z) =0, _nq(t, g w,x,»,z)=0,_n (t,q,w,x,»,2z)=0,_1n(t,qwx,,2)=0, _ny(t, q, w,
62,2) = 11, (6,,w,%,9,2) = 0], [ &, (6.4, w,%,0,2) = 0,1 (6.4, w,%,%,2) =4,
(64w, %,3,2) =0, 11 (6,4, w,%,3,2) =0, 1, (8¢, W, %,3,2) =0, _1_ (6, W, %3, 2)
= 0], [_ﬁt(z‘, q,w,x,y,z)=0, _nq(t, g w,x,y,z)=0,_1 (£, g, w,x,,2z) =0, _n (1, q, w,
x,y,z)=0, _ny(t, g, W, x,,z)=0,_n_(t, g, w,x,y,2) :Z], [_ét(t, q, W, X, ¥, 2) =W,
N, (6w, %,3,2) =0, N, (6., w,%,3,2) = 0,_1,(6,¢, w,%,3,2) =0, 1 (£, ¢, w, %, , 2)
=0,_n(t,qwx,pz)= 0], [_it(t, q,w,x,y,z) =0, _nq(t, g w,x,y,z)=0,_1n (% g, w,
x,z)=0,_1n(t g, wx,yz)=x, _T]y(t, g w,x,»,z)=0,_1n_(t,q,w,x,y,z) = 0],
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[5, (6 g w. x,0,2) =0, 1 (g, W, x,,2) =0, N, (1, q,w, %, 3,2) =0, 1 (£ ¢, W, X, ), 2)
=0,_n,(t.q,w,xy,2) =y, _n(t g, w,x,»,2)=0], [_5,(t, qw,x,y,2)=0,_1 (4 g, w,
x,y,z)=¢", N (g wxyz)=0,_n(tqwxyz)=0, _ny(t, g, w,x,y,z)=0,_1m_(¢,
g W, X, y,z) = O], [_ét(t, q,w,x,y,z)=0, _nq(t, g w,x,y,z)=0,_1n (%9, w,x,y,z) =0,
(6w, %,9,2) =0, 1, (6 g, w, %, 3,2) = 0, _1_ (6, g, w, 5,3, 2) =] | & (g, w. x,
y,z)=0, _nq(t, g w,x,»,z)=0,_n (t,q,w,x,y,2z)=0,_n(t,q,w,x,y,z)= e, _ny(t,
g, w,x,,z)=0,_1n_(t, g, w,x,y,z) = 0], [_ét(t, g, w,x,y,z) =0, _nq(t, q, w,x,y,z) =0,
(6w x,,2) =0, (g, w, %, 3,2) =0, 1 (6,4, w, %, 3,2) =€, (6,4, w, %, 7,
z) :()]

| Exrror, invalid input: nops expects 1 argument, but received 16

Step F. Rewrite the symmetry vector fields in a simple and efficient way.

[> for ifrom 1 to 16 do
Gamma(i] := evalDG (rhs (G[i][1])- D_t+ rhs(G[i][2])- D_q + rhs(G[i][3])- D_w
+ rhs(G[i][4])- D_x + rhs(G[i][5]): D_y + rhs(G[i][6]): D_z)
" I''=D_z
I,=D_w
I, =1tD_t
I,=2D_t
F5 =D ¢q
I'g =D x
F7 =D y
Ie=4qD_g
I'y=2zD_z
I'y=wD_t
I'y=xD_x
r
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. aw
Fls =e¢ D x

. bw
r,=¢"Dy (10)

(> Gamma = evalDG ( [seq(Gammali],i=1..16)]); nops(Gamma)
I'=|[DzDwtDtDt,D qDx,DyqD qzD zzwD t,xD x,yD y, "D g,
"D z,e""D x, "D y]

16 an

Step G. Build the Lie algebra structure for the Lie algebra of symmetry vector fields Gamma. The output
is a list of nonzero Lie brackets.

_> DGsetup( [t, X, Vs Z, W, q]a M)’
frame name: M (12)

M > g = LieAlgebraData(Gamma, Algl);

g:=|[lel,e9]=el, [e2,el0]=e4, [e2,el3]|=el3, [e2,eld]|=celd, [e2,el5]|=ael5, [e2, (13)
el6]=belb, [e3,ed4]= -e4, [e3,el0]= -el0, [e5,e8]=e5, [eb,ell]=eb, [e7,el2]
=e/,[e8,el3]|=-el3, [e9,eld]|= -el4, [ell,el5]= -el5, [el2,el6]= -el6]

Step H. Store these nonzero Lie brackets in memory using the command DGsetup.

M > DGsetup(g)
Lie algebra: Algl (14)

Step I. Check whether or not the Lie algebra g is indecomposable.

Algl > Query("Indecomposable");
true as)

Step J. Identify the type of g, i.e., solvable, nilpotent, semisimple, or none.

_Algl > Query("Solvable");

true (16)
_Algl > Query("Nilpotent");

false a7n
_Algl > Query("Semisimple");

false (18)

Step K. Determine the nilradical of g, i.e. the biggest nilpotent ideal of g, since it is solvable, and verify
whether or not it is abelian.

Algl > Nil := Nilradical( ); nops (Nil);
Nil := [el, e4, e5,eb6,e7,el0,el3,el4,el5, el6]

(19)
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10 19)
_Algl > Query(Nil, "Subalgebra");

true 20)
_Algl > Query(Nil, "Abelian");

true (21)
_Algl > LieAlgebraData(Nil);
| [] (22)

Step L. Find a complement of Nil and verify whether or not it is abelian.

[Algl > COMP := [e2,e3,¢8,¢9,ell,el2];
COMP = [e2, €3, ¢8, €9, el1, el2] 23)

_Algl > Query(COMP, "Subalgebra");

true 24)
=Algl > Query(COMP, "Abelian");

true 25)
‘Algl > LiedlgebraData(COMP)

[] (26)

Step M. Repeat Steps A to F.

| > restart

| > with(PDEfools) : with(DifferentialGeometry) : with(Liedlgebras ) :

> declare( (g, %, 9,2, w)(2), (1:, A EoM, W, G) (4, g, %, 9,2z, W) )
q(t) will now be displayed as q

x(t) will now be displayed as x
v(t) will now be displayed as y
z(t) will now be displayed as z

w(t) will now be displayed as w
tau(t, q, x,y, z, w) will now be displayed as t
lambda (t, q, x, y, z, w) will now be displayed as \
xi(t, q, x, y, z, w) will now be displayed as &
eta(t, q, x,y, z, w) will now be displayed as n
mu(t, q, x,y, z, w) will now be displayed as |\

sigma(t, q, x, y, z, w) will now be displayed as ¢ 27
> DepVars = [q,x,y,z, w|(?);
DepVars == [q,x,y,z, W] (28)
> 0,X,Y,Z, W := diff table(q(t)), diff table(x(t)), diff table(y(t)), diff table(z(t)),

| diff table(w(t)) :
> abc#0,-1<c<bhb=<a<l
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abc # 0, —1 <candc<bandb <a <1 29)
> Eql = Qt’t=Qt-Wt

Eql = q, = (4,) (%)) (30)
> Eq2 =X, =a X,
Eq2 = X, ,=a (xt) (Wz) 31
> FEq3 = Yt,t=b-Yt-Wt
Eq3 = yt’t=b (yt) (wt) 32)
> Eq4 = Zt’tzc-Zt-Wt
Eq4 = z,,=¢ (zt) (wt) 33)
> Eq5 = Wt,t=0
Eq5 = W= 0 (34)

> PDESYS = [Eql, Eq2, Eq3, Eq4, Eq5 ]
PDESYS = [qt,tz (qt) (wt),xt’tza (xt) (wt),yt’th (yt) (wt),zt,t=c (zt) (wt),wt’t 35

:0]

G := Infinitesimals (PDESYS); nops (G);
=[G (6w, x,,2)=0,_n (6, w, % ,2) =0, N (£ g, w,x,y,2)=0,_1(tq,w,x

=>
G:
$,2) =0, N (t g, wxy,2) =0, _n_(t,q,w,%,y,2) = 1], [ _§(t ¢, W, %3,2) =0, _1n_(&
g w,x,y,z)=0,_n (g, w,x,y,z) =1, 1 (t,q,w,x,y,z) =0, _ny(t, q,w,x,y,z)=0,
(64w, %, 2,2) = 0] [LE (6,0, w,%,0,2) =61, (6.6, W, %,3,2) = 0, 11, (8, ¢, w, X, ,
2)=0, (6w, % 0.2) =0, (64w, %,0,2) =0, (6.4, w,%,3,2) = 0], [ & (64,
w,x,y,z)=1, _nq(t, g, w,x,,z)=0,_n (t,q,w,x,,z)=0,_1n(t,q,wx,y,2)=0,
(6@ W% 3 2) =0, (6 G W%, 2) = O] [ L& (6,6, w,%,2,2) = 0, 11, (6,6, w, %, 3,
z)=1,_n (t, g, w,x,»,z)=0,_n (%, g, w,x,y,z) =0, _ny(t, g, w,x,,z)=0,_1_(%, g, w,
X, V,z)= 0], [_ét(t, g, w,x,y,z) =0, _nq(t, g w,x,,z)=0,_1n (t,q,w,x,y,z) =0,
(6 g w53, 2) = 1, (64w, %,0,2) =0, (6., w,%,3,7) = 0], [_E (6,4, w, 5.,
z) =0, _qu(fa 4w, x,,2) =0, n (g, w,x,5,2) =0, n(t,q,w,x,,2)=0, _ny(t, g, W,
xy,z)=1_n(tqwxyz)= O], [_é(t» 9, w,x,¥,2) =0, _nq(t, 9w, X, »,2) =q,
N,(6gwxy,2) =0, _1(t g wxy2z)=0,_0(tqgwxyz)=0_n/(tqwxyz)
= O], [_é‘t(t, q,w,x,y,z)=0, _nq(t, g w,x,y,z)=0,_1 (£, g, w,x,y,2z) =0, _n (1, q, w,
x,y,z)=0, _ny(t, g, w,x,,z)=0,_n_(t, g, w,x,y,2) =Z], [_ét(t, q, W, X, ¥, Z) =W,
N,(tgw,xy,2)=0,_n(tqwxyz)=0,_n(tqwxyz)=0,_1I(qwxyz)
=0,_n(t,qgwx,pz)= 0], [_ét(t, q,w,x,y,z) =0, _nq(t, g w,x,y,z)=0,_1n (% g, w,
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»2) =0, (g wxyz)=x_n(tqwxyz)=0,_n(qwxyz)=0]

[L&,(6 0w, %,3,2) = 0,1, (6,4, w,%,3,2) = 0,1, (1,4, w, %,,2) = 0, _11, (1,4, , %, 3, %)
=0, n,(t.q. W, x,9,2) =y, _N.(t:4,w,%,,2) =0], | & (t.g.w,x.,2) =0, _n (t.q.w,
x,y,z)=¢€", N, (tg,wx,yz)=0,_n(tqwxyz)=0, _ny(t, g, w,x,y,z)=0,_1m_(¢,
g W, X, ,z) = O], [_ét(t, q,w,x,y,z)=0, _nq(t, g, w,x,y,z)=0,_n (t,q,w,x,y,z)=0,
_n.(tg,w,x,y,z) =0, _ny(t, qw,x,,2) =0, _1n_(t,q, w,x,y,z) = ecw]’ [_é(t, q, w, X,
»,z)=0, _nq(t, g w,x,»,z)=0,_n (t,q,w,x,,2z)=0,_n(t,q,w,x,y,z) = e, _rly(t,
g, w,x%,,z)=0,_1n_(t, g, w,x,,z) = 0], [_ét(t, q,w,x,,z) =0, _nq(t, q,w,x,,z) =0,
(64w, %, 3,2) =0, 1 (6., w,%,3,2) =0, 1 (6,4, w,%,3,2) =€, _1_(5,,w,%,,
z) =O]

| Error, invalid input: nops expects 1 argument, but received 16
> forifrom 1 to 16 do

Gamma(i] := evalDG (rhs (G[i][1])- D_t+ rhs(G[i][2])- D_q + rhs(G[i][3]): D_w
+ rhs(G[i][4]): D x + rhs(G[i][5])- D_y + rhs(G[i][6]): D _z)

od
I''=2Dz
I,=Dw
I, =1D_t
I,=2D_t
I's==D_ g
I'p=D_x
I =D_y
I's=4qD_gq
I'y=2zD_z
I,=wD_t
', =xD_x
I, =yDy
I, = e’'D g
L, = "D z
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— aw
I's=¢ Dx

. bw
F16 =e¢ Dy (36)

(> Gamma = evalDG ( [seq(Gammali],i=1..16)]); nops(Gamma);
I':= [D_z, D w,tD t,D t,D q,D x,D y,qD q,zD z,wD t,.xD x,yD y,e" D gq,

"D z,e""D x, e’ WD_y]

16 37
Step N. Perform a change of basis to the symmetry vector fields Gamma so that the Nil and COMP can
be written on a basis resembling the basis (e/,...,el0) and (el 1,..,el06), respectively. Keep performing a
change of basis until you arrive at (e/,...,el0) a basis for Nil and (e//,...,el6) for a complement of Nil.
Then repeat Steps G to K.

> Xi = [Gamma[l |, Gamma[ 16 ], Gamma[ 15 ], Gamma[4 |, Gamma[5 |, Gamma| 6 ],
Gamma|7 ], Gamma[ 14 ], Gamma[ 13 ], Gamma[ 10 ], Gamma[ 11 ], Gamma[ 12 ], Gamma[ 9],
Gamma| 8], Gamma[ 3 ], Gamma[2 ]]; nops (X1);
i=[D z,¢"" D y, & D x,D_t,D_¢,D_x,D_y,¢"" D_z,¢" D_g,wD_t,xD_x,y D_y,

zD z,qD ¢q,tD t, D_w]

[1]

16 (38)

> DGsetup([t,x,y,z,w,q], M);
frame name: M (39

M > g = LieAlgebraData(Xi, Algl);

g:=[|el,el3]=el, [e2,el2]|=¢e2, [e2,el6]= -be2, [e3,el]l]|=e3, [e3,el6]= -ae3, (40)
[ed,el5])=e4, [e5,el4d]=e5, [eb,ell]=eb, [e7,el2]|=e7, [e8,el3]=¢€8, [e8,el6]=
-ce8, [e9,eld]=e9, [e9,el6]= -€9, [el0,el5]=el0, [el0,el6]= -e4]

M > DGsetup(g)

Lie algebra: Algl 41)

_Algl > Query("Indecomposable" );

true 42)
_Algl > Query("Solvable");

true 43)
_Algl > Query("Nilpotent");

false (44)
_Algl > Query("Semisimple");

false 45)

_Algl > Nil :== Nilradical( ); nops (Nil);
Nil := [el, e2,e3,e4, €5, eb,e7, e, e9, ell]

10 (46)

_Algl > Query(Nil, "Subalgebra");
true 47)
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Algl > Query(Nil,"Abelian");

true 48)
_Algl > LieAlgebraData (Nil);
I [] 49)
Algl > COMP := [ell,el2,el3,el4,el5, el6]; nops(COMP);
COMP := [ell,el2,el3,el4,el5, el6]
6 (30)
_Algl > Query(COMP, "Subalgebra");
true (51)
[Algl > Query(COMP, "Abelian");
true (52)
_Algl > LieAlgebraData( COMP);
[] (53)

Conclusion. The symmetry algebra is a sixteen-dimensional indecomposable solvable. It has a ten-
dimensional abelian nilradical spanned by €, €y, €5, €, €, €, €, €, €, € and a six-dimensional abelian
The symmetry algebra as a whole is isomorphic to

complement spanned by e
RO X R!0,

11° €122 €130 €140 €150 €16
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CHAPTER 3

SYMMETRIES OF THE CANONICAL GEODESIC EQUATIONS OF
FIVE-DIMENSIONAL NILPOTENT CASES

In this chapter, we investigate the Lie symmetry properties of the geodesic systems
of five-dimensional indecomposable nilpotent Lie groups whose associated Lie alge-
bras are listed in [35]. Such algebras are mutually not isomorphic and furthermore,
unlike many of the low-dimensional solvable Lie algebras, are “sporadic”, in the sense
that they do not belong to continuous families that depend on parameters. The cor-
responding geodesic systems of equations for each of the nilpotent Lie groups were
constructed in [47]. We devote a separate section to each case. For each case, we
methodically provide the nonzero brackets of the original Lie algebra, the associated
system of geodesics, a basis for the associated Lie algebra of symmetries, and the
corresponding nonvanishing Lie brackets. We then proceed to identify each Lie sym-
metry algebra, noting whether it is solvable, semisimple, or neither, and, in the latter
case, give the semi-direct sum of semisimple and solvable algebras.

It turns out that of the six nilpotent Lie algebras that are considered, two have
flat canonical connections; that is, where the right-hand side of the corresponding
geodesics is zero. Indeed, in both cases we provide a change of coordinates so that
the geodesic equations describe the motion of a “free particle”. However, it is to
be emphasized that such a change of coordinates is nmot compatible with the Lie
algebra structure; that is, the Lie algebra of the symmetries of a free particle system
is isomorphic to sl(n + 2, R). Nonetheless, it follows that in these two cases the Lie

symmetry algebra must be s[(7, R).
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One final qualitative remark is in order. We observe that, roughly speaking, the
dimensions of the Lie symmetry algebras of the corresponding systems of geodesic
equations of nilpotent Lie algebras are larger than that of comparable solvable alge-
bras, which are investigated in Chapter 4. Indeed, we observe that two cases, consid-
ered in Sections 3.2 and 3.5, lead to flat connections and so provide symmetry algebras
of maximal dimension. We believe that there may be two underlying reasons that help
to explain this phenomenon. First of all, the nilpotent algebras, at least in dimen-
sion five, do not depend on parameters. Secondly, it appears as though the geodesic
systems for nilpotent Lie algebras, always contain several trivial geodesic equations,
that is, where the right-hand side is zero. We believe that this circumstance deserves
to be further investigated.

An additional point to emphasize is that determining the symmetry algebra ba-
sis and identifying its Lie algebraic structure in each of these cases, in this chapter
and the subsequent chapter, constitutes a major challenge. The intensive compu-
tational process is facilitated and verified by the MAPLE symbolic manipulation
program illuminated in Section 2.6. Throughout this chapter and the following chap-
ters, (¢, x,y, z,w) are the dependent variables, and (¢, &, 7, 2, W) denote the first order
derivatives of (¢, z,y, z, w) with respect to t. Additionally, the variables (¢, x,y, z, w)
and their dots represent the position coordinates and the corresponding velocities
coordinates. Finally, we use, for example, shorthand D, for % to denote a coordinate

vector field.
3.1 Lie Symmetries of Free Particle Systems

We first review the Lie symmetries of a free particle system, being the most extreme

case of a flat connection. The same results have been rediscovered many times, but
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we refer to [64] as one source. The geodesic equations will be written as
#F=0, i=1,...,n, (3.1)

where 2! are a system of local coordinates on some manifold M. It is helpful to define

the dilation vector field A on M by
A =tD; +2'D;, (3.2)

where D, are D; denote the partial derivative operator with respect to ¢t and 2,
respectively, and there is a sum over ¢ from 1 to n, the latter being the dimension of
M. Then, the following vector fields comprise a standard basis for the space of Lie

symmetries of (3.1) [65]:
D:, D;, tDy, x'Dy, tD;, 2'Dy, tA, a'A. (3.3)

Adding up, we obtain a space of dimension n? +4n + 3 = (n+2)? — 1 and indeed we
obtain a representation of the simple Lie algebra sl(n+2,R). Put differently, amongst
all (n? + 4n + 3)-dimensional Lie algebras solely sl(n + 2,R) can be isomorphic to
the symmetry algebra of (3.1), where n is the dimension of the system. This result is

standard and long known. Lie proved such a result for n = 1 [66].
3.2 Algebras;

In this section, we study the Lie symmetry algebra of geodesic equations associ-
ated with the Lie algebra Aj,, whose nonzero brackets are listed [35]. As stated in
the introduction to this chapter and the previous chapter, the associated system of
geodesic equations of this case, A5, and all remaining cases, A5 2 — A5, was derived
in [47]. Accordingly, for each case, we methodically present the nonzero brackets of

the original Lie algebra and the associated system of geodesics. Then, we find a basis
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of symmetry generators and evaluate their Lie brackets. Sequentially, we proceed to
identify each Lie symmetry algebra.

The nonzero brackets of the original Lie algebra A;; are
les, e5] = e1, [eq, e5] = eq, (3.4)
and the corresponding system of geodesic equations is
Gg=yw, T=:2w, =0 =0, @w=0. (3.5)

We make a change of variable to equations ¢ and Z so the system can be written as

the free particle system. Thus,

7=q-

N | —

Hence, (3.5) become

G=0, i=0, §=0, 5=0, @=0. (3.7)
The symmetry Lie algebra is s[(7,R) as clarified in Section 3.1.
3.3 Algebra;,

In this section, we consider the associated geodesics of algebra As 5. Its nonzero brack-
ets are

[62,65] = €1, [63765] = €2, [64765] = €3, (3-8)

and the corresponding system of geodesic equations is

§g=zw, T=yw, y=zw, Z2=0w=0. (3.9)
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We implement our symbolic algorithms described in Section 2.6 to the system (3.9).

Hence, we obtain the following basis of symmetry generators

er =Dy, ea=1tDy, es =Dy, ea =Dy, es = D,, eg = D,
er =D, + w, eg = 2Dy, e9 = 2Dy, €19 = wD,,
enn = why, e =yDy+ 2D,, e13 =twD, + 2tD,,

el = 3w Dy +wD,, €15 = wzDy + 22D,

e = (2w — 2y) Dy, e17 = gwDy + 1w D, + wD,,

e1s = 5;w* Dy + qwiD, + sw?Dy + wD.,

e = (yw — 32w?*) Dy + (2y — zw) Dy, esg = Dy, ’ (3.10)
eo1 = qDg + 2D, +yDy + 2D,

es = (W Dy + 4w?D, + 12wD, 4 24D.),

€93 = M(QDw + U)Dq),

0gy = WS bue )y (WEB) (9D 4 wD,),

e = (35 + 25 — B2 — qu) D, + (2 + wa — = — 2)D,

+(22 — yw)D, + (2w — 2y)D.,. )

Evaluation of the brackets of (3.10) gives a solvable Lie algebra g4 with the following

nonvanishing Lie brackets

[e1, €] = €3, [e1, e13] = e1g + 2es, [e1, e20] = €1,
[ea, €3] = —eg, [ea, e5] = —eg, [e2, e11] = —eio,
[e2, €16] = 2€12 — €15, e, €20] = —e2, [e2, €21] = €2,
[e2, €20] = 2e9, [, €24] = —e2, [e2, €25] = —ei3,
[es, e21] = €3, [e3, €] = 2e3, e3, €24] = —e3,
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[63, 625] = —eq — 2es,
[647616] = —2ey,
e
[647622] = —%4,
[647 625] = —eq7 — 2eg,

(&
[657 622] = % + 2657

[657 625] = €14,
[667 69] = €3,
[667616] = €11,

€17

[667 622] = 7;

[667 625] = €18,

le7, e14] = €5 + %,
7, €22] = e7,

[es; €20] = es,
[687625] = —€1s,
eg, €24] = —2e9,

[6’10, 622] = €10,

[e11, e13] = 2e14,
[e12, €17] = —exo,
[e13, €16] = 2619,
€13, €20] = 2€13,

[6147 621] = €14,

[614> 624] = €14,

e
[647 67] = 357

leq, e19] = €19 + 2es,

[647623] = _co
2 )

e
[65767] = 337
[657623] = €3,
e
[66767] = 547

[667 612] = €5,

[667 619] = —€14,

e
les, €23] = €4 + %,

[67, 610] = €3,

[e7, e17] = eq + %,
[68, 613] = €15,

[68, 621] = —é€s,
[697618] = —€0,

[eg, €25] = 2€12 — 2e€;5,
[6’107624] = —€0,

[e11, €20] = €11,

[e12, €18] = —e14,

[e13, €20] = —eu3,

€13, €23] = 29,

[6147 622] = €14,

le15, 18] = —2€14,

43

le4; €12] = e3,

le4, €21] = €4,

[e4, €24] = —€14 — €4,
[es, €a1] = es,

les, €24] = €10 + €5,
les, es] = e1,

e, e15] = €10 + 2es,
eg, €21] = €,

e, €24] = e17 + e,

[677 ell] = €1,

le7, 18] = €6 + %,
[687 618] = —€11,
es; €21] = —es,

[eg, €] = 2eq,

[610, 6’21] = €10,

€10, €25] = —2e14,

11, €20] = —exn,
[e12, €20] = 2€12,
13, €21] = €13,
€13, €24] = €13,
14, €23] = €10,

[e15, €22] = 2ey5,

www.manharaa.com



le15, €3] = 2e, le15, €25] = 2e1g, le16, €17] = 2e11,

[6167 620] = €16, [6167 621] = —€16; [616, 6’23] = 2eg,

[6167 624] = €16, [6’17, 619] = 2614, [617, 6’21] = €17,
[6177622] = —€1r, [6’177624] = —€1r, [617, 625] = —2eys,

18, €21] = eas, [e18, €22] = —eis, [e18, €3] = e,

[e18, €24] = e1s, 19, €22] = 2€19, 19, €23] = 2e12 — 2e15,

19, €24] = 2€19,
and a semisimple Lie algebra with the following nonvanishing Lie brackets
[e23, €24] = —2e23, [ea3, €a5] = —2ea4, €4, €a5] = —2ea5. (3.11)

g4 is spanned by the symmetry generators e; through eqs. It is solvable since the

derived series eventually arrives at zero subalgebra, that is,

gaA = {61, €9, €3, €4, €5, €6, €7, €3, €9, €10, €11, €12, €13, €14, €15, €20, €21, 622}7 (3-12)
1 _ €14 €17
g4 = {63, €10 + 2e5, €1, —€g, —€10, 2€12 — €15, —€3, €4, ——2 , €11, €6, —2 )

er, €15, €s, 2619, —€13, €16, €18}, (3.13)

e
Qf) = {—e3, —e19 — 2e5, €9, €10, —2€12 + €15, —2€1, —2€14, 54, e11,
e
% + €6, —€15, —2619}, (314)
®) = ey, —e19— 2 3.15
9a {—e3,—ew es}, (3.15)
gy = {0}. (3.16)
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The nilradical of g4, denoted by R, is non-abelian and spanned by ey, s, €3, €4,

es, €6, €7, €8, €9, €10, €11, €12, €13, €14, €15, €16, €17, €18, €19. L he complement to the nilrad-
ical R? is abelian and spanned by ey, €91, €22. g4 is a semi-direct product of R? and
R written as R® x R, (3.11) gives the standard Lie brackets of the algebra s[(2, R)
spanned by eas, €a4, €25. We conclude that the symmetry algebra of the system (3.9)
is a twenty-five-dimensional indecomposable nontrivial Levi decomposition algebra

sl(2,R) x (R3 x RY).
3.4 Algebras;

In this section, we consider the associated geodesics of algebra As 3. Its nonzero brack-

ets are

[e3, e4] = €2, [e3, €5] = €1, [ea, €5] = €3, (3.17)
and the associated system of geodesic equations is

§g=—2zz2w, x=20w, y=2z2w, =0, w=0. (3.18)
By the procedures described in Section 2.6, the symmetry generators of (3.18) are

€1 = Dta €2 = th7 €3 = Dq: €4 = t-DZ7 €5 = DI7€6 = Dy7 €r = Dwa
eg = 2Dy, eg = qua €10 = ZDq7 ei1 = 2D, e =wD,, €13 =why,

D
ey =yD, + u, eis = zwD, + 2D, e1¢ = —zwDy + D,

2
€17 = w22Dx wTDy’ e = (y — %)an
e19 =D, + (yw — wT%)Dx +(y— %)Dy,
e = qDy + 22Dy +yD, +wD,,
ey = tDy — (yw — %%)Dm —(y — %)Dy, ey = twD, +tD,,

ea3 = (2w — 2y) Dy,
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e = qDg —wDy, — xDy + 2D,

2D, 22D q
=2D,, — ——¢ Y —-)D
€95 o 3 + 9 + (yz 2) T
3D D
eas = (2yw — 2x — w?2) D, + v 3 z o+ w2 Y 4+ wD,. (3.19)

Their nonvanishing Lie brackets define the following structure of Lie algebra g

[e1, €] = e3, 1, e4] = €5, [e1, e19] = €1,

[e1, e21] = e, e1, €] = €12 + e, ea, es] = —eo,
[ea, e13] = —e, [ea, e19] = —ea, [ea, €] = 3eg,

€2, €21] = —ea, [ea, €3] = 2e15, €2, €24] = €2,

[ea, €25] = —%, [e3, €20] = 3es, [e3, €24] = e3,

[e3, €a5] = —%7 ey, e8] = —eu1, ey, e13] = —e1a,
e, €10] = —eu, [e4, €20] = 3eu, e, €21] = —eq,
€4, €3] = 2€14 — €15, €4, €24] = —eu, €4, €26] = —2e9,
[e5, €20] = 3es, [e5, €24] = —es, [e5, e26] = —2e3,
€6, €14] = €5, [eq, €18] = €3, €6, €10] = €12 + e,
€6, €20] = —2€12, [eg, €a1] = —e12 — €5, [e6, €3] = —2ey,
€6, €a5] = eu1, [eg, e26] = 2e9, e7, e9] = €3,

7, €12] = es, le7, e13] = €1, e7, e15] = eu1,

[67, 616] = —¢€10, [67, 617] =ep2+ %6, [67, 618] = —6—;07
[e7, €19] = €14 — €15, 7, €20] = 2e15 — 2e14 + €7, [er, e21] = —e14 + €15,
[e7, €22] = ey, e, €3] = es, [e7, e24] = —er,
7, e26] = 2e18 + €16 + 2e17,  [es, e16] = —eu, [es, e19] = e,

es; €20] = —es, [es, €21] = e, [es, €22] = €15,
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[687 624] = —€g,
leg, €24] = —2ey,

le10, €20] = 2e10,

[611, 616] = —€5,
[e11, €26] = —2e19 — €12,
[e12, e26] = —2ey,

[613, 621] = €13,

[613, 625] = —é€g,
e
[614, 617] = —§,

[e14, €20] = 3e1s — 2ey5,

[e14, €23] = —es,
15, €16] = —€12 — €,
le15, €20] = —e15,
15, €24] = —e15,
16, €10] = —€17,

[616, 623] = €13,

€9

[617, 618] = 5;
[617, 621] = —eé7,
[617 625] = -
) 2 )

[6187 621] = €18,

€14 €15
le1s, €25] = 5 + DR
[e22, €23] = —2e2,

[68; 626] = —€13,
[69, 625] = —€10 — —6127
2
[610, 625] = ——6117
2

le11, €20] = 2e11,
[e12, €20] = 2€12,
[613, 619] = €13,

[e13, €22] = 2ey7,

[614, 615] = —é€11,
[614 618] = @
) 2 )

le14, €21] = €14 — €15,
le14, €24] = —€14,

le15, e18] = e1o,

le1s, €] = —eus,

le1s, e26] = —2e17,
[e16, €20] = €16 + 2e17,
[e16, €24] = €16,

[617, 619] = €17,

[617, 623] = —€13,
[618; 619] = —é€is,
[618, 622] = —€y,

[ea1, €22] = 2e99,

[€24, €24] = 2e95,
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leg, e20] = 2eg,

10, €16] = —e3,
[e10, €26] = —e9,
e11, €24] = —2e11,
[612, 625] = —e€11,
€13, €20] = —€13,

[613, 624] = €13,

14, €16] = —%,

14, €10] = —€14 + €15,
14, €20] = —ey,

[e14, €26] = —€17 — 2€18,

[615, e19] = €15,

[615, 623] = —2eg,
e
[6167 618] = —597

[616, 621] = e17,

e
le16, €25] = % + €14 + €7,
[617, 620] = —€i7,

[e17, €24] = ear,
18, €20] = 3eus,
[6187 624] = €18;
ea1, €3] = —2e23,

[e24, €26] = —2e26,
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[625, 626] = €24.

The solvable part of g is spanned by ey, s, e3, €4, €5, €6, €7, €3, €9, €10, €11, €12, €13, €14, €15,
€16, €17, €18€19, €20, the nilradical is non-abelian and spanned by ey, e, €3, eq4, €5, €, €7,
es, €9, €10, €11, €12, €13, €14, €15, €16, €17, €18. 1L he complement to the nilradical is abelian
and spanned by ejg, €99. The semisimple part has two copies of sl[(2,R) spanned by
€91, €22, €93 and eay, €95, €9g. Thus, the symmetry algebra is a twenty-six-dimensional

indecomposable nontrivial Levi decomposition algebra.
3.5 Algebras 4

In this section, we consider the associated geodesics of algebra Aj 4. Its nonzero brack-
ets are

ea, e4] = €1, [e3, 5] = ey, (3.20)

and the corresponding system of geodesic equations is
g=yw+zz, =0, y=0, 2=0, w=0. (3.21)
Setting ¢ = ¢ — 3 (yw + zz) = § =0, then (3.21) becomes
q=0, =0, =0, 2=0, w=0. (3.22)
The symmetry Lie algebra is s[(7,R).
3.6 Algebra; ;

In this section, we consider the associated geodesics of algebra Ass. The nonzero

brackets are

[63764] = €1, [62,65] = €1, [63765] = €9, (3~23)
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and the corresponding system of geodesic equations is
j=xw+yz, T=gyw, =0, zZ=0, w=0. (3.24)
Applying the algorithms of Section 2.6, we find the symmetry algebra basis

)

e = Dy, €y = Dt; e3 = D:L., €4 = t_Dq7 €5 = Dq; eg = Dz; er = Dw7

es = whDy, eg = yDy, ey = 2Dy, e11 = yDy, e1a = wD,,

w?D y2D wyD,
€13 = —5 - +why, ey =52 +yD,, e15 = =5 +yDy,

_ wyD _ w
e16 = —5+ +wD,, e;r = (v — ) Dy,
w(w?+32)D 2D
€18 = ( 5 ) L4 2 +wD,y,

1y = tD; + Bpt + 2D, — MUEED 4 (¢ =)D,
exo = (Y- — 5+ q)Dy + 5= + yD,, S (3.25)
en = (MY — 2y — 2+ 2g)D, + wD,, + L=,

egzztpt_|_(w21/—?+>9q_($_%)px’

tyD, twD
€3 = 2D, €94 = =5 + 1D, €95 = —* + 1Dy,

ea6 = (wy — 2x) Dy, eg7 = WZD‘Z +2D,,

zD, w2y—2zw)D
628:y2q+2Dz+%—

(¢~ %D,

€29 = (yQTw —zy)Dy + (wy — 22)D,.

and their nonvanishing Lie brackets are,

le1, e9] = e, le1, e11] = es, le1, e14] = €11 + eg,
e e e
[e1, e15] = €3 + %’ le1, e16) = %; le1, e17] = —%,
e e e e
lers 9] = %0 - %7 [e1, €20] = €1 + §, [e1, e21] = —e10 + %3,
e e
[617 622] = ;a [ela 624] = ?47 [615 626] = €g,
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e e
le1, eas] = %0 + %37

[62, 619] = €2,

e
[ea, e25] = €3 + %27
e
[637620] = —g,
les, e26] = —2e9,
[64, 68] = —€12,
[64, 620] = €4,
[64, 623] = —€j0,
[65, 621] = 2es,
e
les, e19] = €6 + %,
e
les, e27] = €3 + %’
[67, 612] = €5,
e
le7, e16] = €6 + %,
[67 6’19] = oo
) 2 2 )
[67 622] = @ - 2
) 2 2 b
e
[67, 627] = %;
[68; 619] = €3,
[68, 624] = €16,
[69, 619] = €9,
[69, 624] = €14,
[610, e16] = —€12,

[e10, €21] = 2eq0,

[61, 629] = €16 — €171,
[62; 622] = €2,

[63, 617] = €5,

e
[637621] = —g,
e
[63, 628] —§ — €3,
[64, 69] = —é€11,
[647 621] — 2647
leq, e26] = 2€17,
[66, 610] = €5,
[66, 621] = —€11,
e
les, e2s] = €6 + ﬂ,
2
le7, e13] = e12 + e,
e

[67,617] = —%,
[67,620] = G5 2,

2 2

e
[67, 625] = 54,
[€7>€28] = G 2,

2 2

[68> 621] = —€g,
[€8> 625] = €13,
[69, 620] = —¢€y,

[69, 625] = €15,

[610, 619] = —€j0,
[610, 624] = —€4,
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[ea, €4] = €5,

€2, e24] = €6 + %,
[es, €10] = €3 + %7
e3, €22] = _e2£ — €3,
[e3, €29] = —e11 — 2e,
e4, €19] = —ey,

4, €20] = —eu,

[65, 620] = €5,
e
[66, 618] = ;;

[667 623] = €2,

[67, 68] = €2,

[6’77615] = 2,
2
e
[er,e18] = €13+ €1 + f,
€17 (&
le7, €a1] = —% +er+ %;

[67, 626] = €9,
7, €29] = €14,
[68, 622] = €8,
[69, 618] = —é€s,
[eg, €] = €9,
[6’10, 614] = —¢€11,
€10, €20] = €10,

[610, 628] = —€10,
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[e10, €20] = 2e17,
[612, 620] = €12,
€13, €19] = €13,
[e13, €] = —2es,
[e14, €18] = —e16,
[e14, €23] = e,

[615, 617] = €11,

[615, 620] = —é€15,
[615, 628] = —€15,
[6167 621] = —€1s,

le16, €28] = €16,

[617> 621] = 2e17,
[617, 627] = —€0,
[618; 621] = —e€1s,
[e22, €25] = 2e95,
92, €29] = —€29,
[ea3, €8] = —€a3,
[e24, €27] = €25,

[ea5, €28] = —€a5,

[626; 628] = €26,

[628; 629] = —2ey.

[611, 618] = —€12,
[612, 621] = €12,
[613, 621] = —¢€13,
[e13, €8] = —eu3,
[e14, €10] = €14,

[614, 627] = €15,

[615, 618] = —€13,
[615, 622] = —€15,
[e15, €20] = —2e1y,

[616; 623] = €g,
[617, 619] = —é7,
[617, 622] = €17,

[617, 628] = €17,

[622, 623] = —€23,

[ea2, €26] = —2e26,
[€23, €24] = —€22 + €25,
[ea3, €29] = —€a6,

[624, 628] = €24,

[6’25, 629] = —2eyy,
lear, €2s] = —2eq7,
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le11, €21] = 2eqy,

[6137 617] = €12,

[6’137622] = —€13,
le13, e29] = —2e€76,
[6147620] = —€14,

[e14, €8] = €14,
[e15, e19] = €15,
[e15, €a6] = —2ey,
[e16, €10] = €16,
e16, €27] = €13,
17, e20] = ear,
[617, 625] = —€4,
[618, 620] = €18;
[622, 624] = €24,
[6’22, 627] = €1,
[6’23, 625] = Car;
€24, €26] = —€2,
€95, €a6] = —2e22,
[ea6, €a7] = 2e03,

lear7, €29] = —2e9s,
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The symmetry algebra is a twenty-nine-dimensional with a nontrivial Levi decompo-
sition. The semisimple part is s[(3, R) with basis eq, €23, €24, €25, €26, €27, €25, €29. The
radical is a twenty-one-dimensional with an eighteen-dimensional nilradical spanned
by €1, €92, €3, €4, €5, €4, €7, €3, €9, €10, €11, €12, €13, €14, €15, €16, €17, €18 and an abelian com-

plement spanned by ejg, €99, €21.
3.7 Algebrasg

In this section, we consider the associated geodesics of algebra Asg. The nonzero

brackets are

[637 64] = €1, [627 65] = €y, [637 65] = €2, [647 65] = €3, (326)

and the corresponding system of geodesic equations is
G =2tw— z¢2w, I=yw, y=:ziw, =0, w=0. (3.27)
By algorithmic means described in Section 2.6, the symmetry algebra basis is

€1 :Dt7 €2 :D:E) €3 :Dy7 64:t-Dq7 €5 :an €6 :Dw7 67:ZD(]7

eg = wDy, eg = wDy, e1g = 2Dy, e11 = twDg +1D,, ejp = wQDq + wDy,,

D

eis =2xDy +yDy + 2Dy, e1s =wzDy+ 2D,, e15 =D, — wz2 1

—wz w? w?
e16 = (2w — 2y) Dy, e17 = ( 5 + y)Dq, €13 = ?Dq + 7Dx +wD,,
e1g = (w2 — 2wy + 47) Dy + zwD,, + 22D,

—zw? w? w*D,  w?D
e20 = ( 9 +yw+§—2x)Dq+ 6 Ty L+ wD,, ey =tDy,
2w w?z

€9y = (T —yw? 4 2zw + q)D, +wD,, + (T —wy + 22)D, + (wz — y)D,,

2w w? w?z  w wz
€93 = (—7 + yT —zw+2¢)D, + (_T + 7?/ +x)D, + (2y — T)Dy +z2D,.
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[e1, 4] = e5,
ea, €13] = 2es,
[e2, €20] = 265 + 2es,
les, e16] = —2e1,
es, e20] = €,

e, €9] = —es,
le4; €21] = —eu,
es, e22] = €5,

[e6, €9] = €1,
les, e14] = €7,

€7

[667617] = —?,

e, €20] = €18 + €15 + €17,
le7, e15] = —es,

e7, €23] = ex,

[eg, €21] = €9,

[e10, €15] = —eu,

€10, €23] = —e1o,

11, e19] = 4dey,

[611, 622] = 2e11,

[612, 619] = 4eg,

[612, 623] = €12,

and their nonvanishing Lie brackets are

le1, e11] = ex + e,
[ea, €19] = des,

le2, e23] = €2 — e,
les, e17] = es,

es, e20] = —e12 — €3,
e4; €10] = —er,

4, €22] = €4,

[e5, €3] = 2es,

s, e11] = eq,

e
[667 615] =

5
les, €18] = €12 + e3,

e, €22] = €19 — €13 + €,
e, €20] = —es,

[es, €23] = 2es,

[eg, €22] = —e,

[e10, €20] = —eg,

11, e13] = 2ey,

[e11, €20] = —2eq,

11, €23] = eun,

12, €20] = —2es,

[6137 614] = —2ey,
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le1, e21] =
€2, €20] =
e, e13] =
les, e10] =
es, €3] =
leq; €16] =
e, €3] =

[es, es] =
e, e12] =
e, e16] =
[667619] =
eg, €3] =
[677622] =
[eg, €11] =
[e10, e11] =
[e10, €21] =
[611, 616] =
[611, 621] =
[6127613] =
[6127622] =

[6137 615] =

€1,

_2657

€2,

_2687
E%2_'"2637
26177

2647

€s,

es + 2eg,

€10,

e1s — 2eq7,

€7,

€12,

€14,

€10,

2e13 — e,
—€11,

2687

€12,

—€s3,
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[613, 616] = —2ej, [6137617] = e, [6137618] = —€12,
€13, €10] = —2e14 + deny, €13, €20] = —2e17 — e1s, €13, €22] = 3e13 — 2eqg,
[613, 6’23] = —e€13 + €19, [614, 615] = —€2 — €g, [614, 619] = 4ey,
€14, €20] = —€12 — 2e7, [e14, €22] = 2e14, [e15, €16] = €o,
[e15, e17] = —%8, [e15, €10] = €12 + 2e3, [e15, €22] = €13,
15, €23] = €15 — 6—58, [e16, e18] = 2e9, [e16, €10] = 4e1o,
[616, 621] = €16, [6167622] = €16, [616,623] = —2eyq,
17, e18] = —es, 17, €19] = —2e7, [e17, €22] = 2e17,
e18, €20] = —2es, [e18, €23] = 2e18, [e19, €20] = —2e1s,
19, €22] = —exo, 19, €23] = €19, €20, €22] = —e20,
€20, €23] = ea0.

We conclude that the symmetry algebra is a twenty-three-dimensional solvable, where
the nilradical is a twenty-dimensional spanned by ey, e, €3, ey, €5, €6, €7, €3, €9, €10, €11, €12,

€13, €14, €15, €16, €17, €18, €19, €20 and an abelian complement spanned by es;, €99, €23.
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CHAPTER 4

CLASSIFICATION OF THE SYMMETRY LIE ALGEBRAS OF THE
CANONICAL GEODESIC EQUATIONS OF FIVE-DIMENSIONAL
SOLVABLE LIE ALGEBRAS

The focus of this chapter is to construct and classify the symmetry algebras of
geodesics, [47], associated with the five-dimensional solvable Lie algebras [35]. In

abc

particular, we consider the geodesics that correspond to the algebras A% through
Ag 5. We dedicate a separate section to each of the twelve class of such algebras and
its corresponding geodesic systems. Ten of the geodesic equations contain parameters
as their original corresponding algebras involve some essential parameters; therefore,
there is always a certain amount of arbitrariness to be considered. Consequently, we
devote a separate subsection to each subcase.

For each case, we methodically provide the nonzero brackets of the original Lie
algebra, the associated system of geodesics, a basis for the associated Lie algebra of
symmetries, and the corresponding nonvanishing Lie brackets. We discuss each case in
turn and draw various conclusions about their symmetry algebra properties. It should
be pointed out that determining the symmetry algebra basis and identifying its Lie
algebraic structure in each of these cases is facilitated and verified by the MAPLE
symbolic manipulation program explained in Section 2.6.

We remark that, for exceptional values of the parameters, the dimension of sym-
metry algebras appear to be larger than that of other comparable algebras. There

may be two underlying causes that help to describe this phenomenon. First, solvable

algebras, at least in dimension five, depend on parameters. Furthermore, it seems as
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though geodesic systems for some solvable Lie algebras do not always contain more
than one trivial geodesic equation, that is, when the right-hand side is zero. Finally,
we observe that the complement of the radical of case ten is not a Lie algebra, and

this may be because its geodesics are trivial and did not contain parameters.
4.1 Algebrady

We have already examined the symmetry algebra of the geodesics for Agf’; in Sec-
tion 2.6, as an illumination of the efficiency of our algorithmic computation scheme
proposed in this dissertation. Nevertheless, we iterate the case and result concluded

there in this section for completeness. The nonzero brackets of Ag% are

le1, e5] = €1, [e2, €5] = aea, [e3, 5] = bes, e, e5] = ceq; (abc # 0, -1 <c<b<a < 1),
(4.1)

and the corresponding system of geodesic equations is
§=qw, I=arw, Y=>byw, Z=ciw, w=0. (4.2)
The Lie algebra of symmetries of (4.2) is a sixteen-dimensional spanned by the basis

bw aw

61:Dz7 €y =2¢€ Dy7 €3 =¢€ D:t) 64:Dta 65:DQ7 66:D:U7
cw w

er=Dy, es=e€"D,, e =¢€"Dy, en=whDy en =Dy e=yD,,

ei3 =2zD,, ey =qDy, eis = tDy, e1e = Dy

Their nonvanishing brackets are

[€1> 613] = €1, [€2> 612] = €9, [62, 616] = —bey, [63, 611] = €3, [63, 616] = —aes,
[64, 615] = €4, [65, 614] = €5, [66, 611] = €¢, [67, 612] = ér, [68> 613] = €3,
[687 616] = —C¢€s, [69, 614] = €y, [69, 616] = —€y, [610, e15] = €10, [610, 616] = —€4.
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For such a generic case, the symmetry algebra is a sixteen-dimensional indecompos-
able solvable. It has a ten-dimensional abelian nilradical spanned by ey, es, €3, €4, €5, €4,
er, g, €9, €19 and a six-dimensional abelian complement spanned by €11, €12, €13, €14, €15,

e16. The symmetry algebra as a whole is isomorphic to R® x R19.
4.1.1 Subcase a =1,bc # 1

The symmetries and nonzero Lie brackets are, respectively,

elzD:m 62:Dt7 63:Dy7 64:DZ7 65:Dq7

w w bw cw
e = wDy, er=¢e"Dy, eg =e"D,, eg=¢e"D,, el =e“D,,
eir = Dy, e1p =1tDy, ez =yD,, eu=qD;+xD,, e;5==zD,,

e16 = qD,, eir=—qDy+xD,, ez =2xD,.

[61, 614] = €1, [61, e17] = €1, [61, 618] = €5, [62, 612] = €y, [63,613] = €3,

[64, 615] = €4, [65, e14] = €5, [65, 616] = €1, [65, 617] = —6s, [667611] = —€,
[667612] = Ce, [677611] = —ér, [67,614] = er, [677616] = €8, [677617] = —ér,
[687611] = —¢€s, [687614] = €g, [687617] = €g, [687618] = e, [697611] = —bey,
[eg, €13] = e, [e10, €11] = —cero,  [e10, €15] = €10, [e16, €17] = 2e16, €16, €18] = —eur,

[e17, e1s] = 2e1s.
4.1.2 Subcase a =b,a # ¢

The symmetries and nonzero Lie brackets are, respectively,

elszJ 62:Dt7 63:Dq7 64:1);:7 65:Dx7
w bw bw cw
e = whDy;, er =e"Dy, eg=e¢"Dy, e9=¢e"D,, en=e"D,,
€11 — ZDz, €12 = Dw; €13 = tDt, Clq = qu, €15 = $Dz + yDy,
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€16 — CL'Dy,

[61, 615] = €1,

[61, 6’17] = €1,

err = —xD, +yD,, eg=yD,.

[61, 618] = €5,

[62, 613] = €3,

[63, 614] = €3,

[64,611] = €4, [65,615] = €5, [65;616] = €1, [65,617] = —é6s, [667612] = —é€y,
e, e13] = e, le7,e10] = —e7,  [er, e1s] = e, les, e12] = —beg, [es, e15] = es,
[68, 616] = €9, [68, 617] = —€g, [69, 612] = —bey, [697 615] = €9, [69, 617] = €9,
[69, 618] = €g, [610, 611] = €10, [610, 612] = —ceqo, [6167 e17] = 2eys, [616, 618] = —é€r,
[6177 618] = 2es.
4.1.3 Subcase b= c,a # bc
The symmetries and nonzero Lie brackets are, respectively,
elzDZ7 62:Dt7 63:-D(17 64:Dx7 65:-Dy7
aw cw w cw
eg =€ D,, e =wDy, eg =¢e"D,, eg=¢e"Dy, ep=¢e"D,,
€11 — tDt, €19 = l‘Dm, €13 = qu, €14 = Dw, €15 = yDy + ZDZ,
e =yD,, err = —yDy, + 2zD,, eg=zD,.

[61, 615] = €1,

[61, 617] = €1,

[61, 618] = €5,

[62, 611] = €2,

[637 613] = €3,

e, €12] = ey, [es, e15] = es, les, e16] = €1, [e5, e17] = —es, [e6, €12] = e,
e, e14] = —aeg, [er,en] = ez, le7, e14] = —e2, e, e14] = —ces,  es, e15] = e,
les, e17] = e, e, e18] = €10, e, €13] = ey, g, e14] = —e€9, [e10, €14] = —ceno,
[610, 615] = €10, [610> 616] = €s, [610, 617] = —€0, [6167 617] = 2ess, [6167618] = —€1r,

[617, 618] = 2e3.
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For the three subcases above, the Lie symmetry algebra for each case is an inde-
composable Levi decomposition sl(2,R) x (R®> x R!%), where the semisimple part is
spanned by ej4, €17, e18. The radical consists of a ten-dimensional indecomposable
nilradical spanned by ey, e, €3, €4, €5, €6, €7, €3, €9, €19 and a five-dimensional abelian

complement spanned by ey, €12, €13, €14, €15.
4.1.4 Subcasea=1,b=1,c#1

The symmetries and nonzero Lie brackets are, respectively,

er =Dy, ey = Dy, e3s=D,, es = Dy, es = Dy,
e =e"Dy, er=¢€"D,, eg=e"D,, eg = why, e = e Dy,
e =Dy, en=1tDy, ei3=2zD,, e1s = qDg + 2Dy +yDy, e15 =yDy,
e16 = qDy, err=aD,, eg=—qD;+xD;, e9=—qD,+yD,, ea0 = T Dy,
€21 = qu7 g2 = qD,.

le1, e14] = €1, 1, e17] = eo, le1, e18] = €1, [e1, €20] = €5,

le2, e14] = €2, 2, e15] = ey, [e2, e10] = €2, €2, €21] = €5,

le3, e13] = €3, e, e12] = ey, es, e14] = €5, [es, €16] = €2,

es, 18] = —es, les, e10] = —es, es, e22] = €1, eg; €11] = —es,

eg, e14] = €, [es, e15] = eio, es; €19] = €6, leg, €a1] = er,

[677611] = —ér, [67,614] = er, [677616] = €6, [67,618] = —ér,

[67, 619] = —ér, [67, 622] = €10, [68, 611] = —C¢€s, [68, 613] = €8,

[69, 6’11] = —€y4, [69, 612] = €9, [610, 611] = —€10, [6’10, 614] = €10,

[e10, €17] = €, [e10, €18] = €10, 10, €20] = €7, [e15, €16] = —e€22,

[e15, €17] = —e18 + €19, [e15, €18] = €15, [e15, €10] = —e1s, [e15, €20] = €21,
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[6167 618] = €16,
[617, 618] = —€17,
[e1s, €20] = 2e90,

[e19, €21] = 2ea1,

le16, €19] = 2e1,
[617, 619] = €17,
[6187 621] = €21,

[619; 622] = —€29,

4.1.5 Subcasea=b=c

[6167 620] = —é€r,
[617, 621] = €20,
[e18, €22] = —2€99,

[620, 622] = €18,

The symmetries and nonzero Lie brackets are, respectively,

€1 = Dy> €2 =
es = Dy, €6

eg = why, €10

e13 = Dy, €14
err = yD., €18
eg1 = 2Dy, €22

le1, e14] = €1,
2, €14] = €2,
es, e12] = €3,
les, e18] = —es,
e, e14] = €,
le7, e13] = —cer,
le7, 21] = e,

[€8> 618] = —€g,

[69, 613] = —€4,

=D

=e*D

Yo

q»

=aD, +yD, + 2D,
—xDy +yD,,

=zD,

1, e17] = ea,
[e2, e15] = €1,
le4; e11] = €4,
[es, e19] = —es,
les, €17] = er,
le7, e14] = ex,
les, e13] = —ces,
[68> 619] = —é€s,

[610, 612] = €10,

60

€3 = Dq,

er =e“D,,
e = tDy,
€15 = ZDy,

[e1, e18] = e,
[ea, €19] = €2,
[e5, €14] = €5,
[e5, €22] = ey,
[es, €18] = e,
e7, e15] = e,
[es, e14] = es,
[687 622] = Ce,

[610, 613] = —€j0,

[616, 621] = —€19,
[617, 622] = —€16,
[6’19, 620] = €20,

[621, 622] = €15.

eqs = Dy,

es = e“D,,
€12 = qu7
€16 = sza
€20 = YDy,

[e1, e20] = €5,
e, €21] = €5,
[e5, €16] = €2,
leg, e13] = —ce,
[e6, €20] = €,
7, e19] = e7,
es, e16] = €7,
[69, 611] = €y,

[615, 616] = —€2,
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[615, 617] = —e18 t+ €y, [615, 618] = €15, [615, 619] = —€1s, [615, 620] = €21,
[616; 618] = €16 [616, 619] = 2esg, [616, 620] = —é, [616, 621] = —€19;
leir, e8] = —er, [e17, e10] = ear, [e17, €21] = e, [e17, €22] = —es,
le1s, €20] = 2ea0, [e18, €21] = ean, [e18, €22] = —2e92,  [e19, €20] = €20,
le19, €21] = 2ea1, [e19, €22] = —e€22,  [e20, €22] = €1, a1, €20] = e15.

For both subcases, the symmetry algebra is a twenty-two-dimensional indecomposable

Levi decomposition with an eight-dimensional semisimple sl(3, R) spanned by ey3, €1,

€17, €18, €19, €20, €21, €22 as well as a fourteen-dimensional solvable consisting of a ten-

dimensional abelian nilradical spanned by ey, es, €3, ey, €5, €5, €7, €3, €9, €19 and a four-

dimensional abelian complement spanned by ejq, €12, €13, €14.

4.1.6 Subcasea=1,b=1,c=1

The symmetries

e1 = Dy, €2
€5 = Dq, €g
€9 = €qu, €10
e13 = Dy,
€17 = ZDy,
€91 = SL’Dq,
€25 = qu7

[617 612] = €1,

[61, e21] = €5,

€14 =

€18 =

€22 =

€26 =

and nonzero Lie brackets are, respectively,

= Dy, €3

=e“D,, er =
= th, €11 =
=zD,, €15 =
- qu wav €19 =
=uaD,, €23 =
= zDy, €7 =

[61, 616] = €3,

[617 622] = €3,

= Dza

€4 =
e’ D,, ey =
tDy, €12 =
qDya €16 =
—xDy +yD,, ey =
yD., €24 =
qDy, €28 =

le1, 18] = —e,

le1, €24] = —e1,

61

Dy,

e’ D,,

qDy + xD,
xD,,

qD.,

+yDy + 2D,

—xD, + zD,,

yD,.

[61, 619]

[62; 612]

—€1,

€2,
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[ea, €19] = €2,
es, e12] = e3,
[es, €a6] = es,
[es, e18] = es,
es; €13] = —é,
e, €21] = €9,
le7, e13] = —er,
le7, eas] = €,
es, e17] = er,
leg, e13] = —e,
leg, e27] = €,
[614, 618] = —Cy,
[614, 622] = €24,
[615, 619] = €15,
[615, 6’26] = —ér,
[e16, €23] = €22,

[6167 628] = —€19,

le17, €23] = —e19 + e,

[6187 620] = €20,
[6187 626] = —€6,
[619, 622] = —€a93,

le19, €2s] = 2eas,

[620, 626] = €18 — €24,

[62, 623] = €3,
[e3, €14] = €1,
€4, e11] = eq,
[e5, €20] = e3,
[es, €16] = €7,
[e6, €22] = €5,
e, e19] = €7,
[es; €12] = es,
[es, €24] = es,
[eg, €15] = e,

[610, 611] = €10,

[614, 619] = —€14,
[614, 623] = —€s,
[615, 621] = —€16,

[615, 628] = €97,
[6167 624] = €16,
[617, 619] = €17,

[617, 624] = —é7,

[e1s, €21] = —2eay,

le1s, €27] = 2ea7,
[6197 623] = €23,
[6207 621] = —€a3,

[6217 624] = €21,

[ea, €a5] = e5,
es, e17] = ea,
[es, €12] = es,
[es, ea7] = e1,
es, €18] = —é,
e, €24] = —es,
[e7, 23] = es,
es, e13] = —es,
es, €26] = €9,

[69, 618] = €y,

[610, 613] = —€y4,
[614, 620] = —€a7,
le14, €24] = —2€14,

[615, 623] = €20,
[616, 6’18] = €16,
[6’16, 6’25] = €21,
[e17, €20] = —eus,
[e17, €a5] = €25,
€18, €22] = —ea2,
[e18, €28] = €2z,
19, €25] = €25,
€20, €24] = €20,

[621, 627] = —€1sg,

[ea, €] = e1,
[e3, €24] = €3,
[es, €15] = €2,
[e6, €12] = e,
[e6, €19] = —é,
[e7, e10] = €7,
7, €25] = €9,
es; e14] = €,
e, e12] = €9,
[eg, €20] = e,
le14, €16] = €17,
[614, 621] = €26
[615, 618] = —€15,
[615, 625] = €18 — €19,
[e16, €10] = 2e16,
[616, 627] = —€15,
[617, 622] = —€16;,
[e17, 28] = €14,
[e18, €25] = —€a5,
[619, 621] = —€a1,
[e19, €27] = €27,
[e20, €25] = —e€a3,

[621, 628] = —€25,
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[622, 624] = 2e99, [622, 626] = €21, [622, 627] = —€y0, [622, 628] = —€3,
[623, 624] = €23, [623, 626] = €25, [624, 626] = €26, [624, 627] = €27,

[624, 6’28] = €28, [625, 6’27] = €28, [6267 6’27] = €14.

It is a twenty-eight-dimensional indecomposable with nontrivial Levi decomposition
5[(4, R) Dal (R'?' XRlO). The semisimple is spanned by €14, €15, €16, €17, €18, €19, €20, €21, €22,
€93, €24, €25, €26, €27, €2g. The radical is a semi direct product of a ten-dimensional
indecomposable nilradical spanned by ey, es, €3, €4, €5, €4, €7, €5, €9, €19 and a three-

dimensional abelian complement spanned by ey, €12, €13.
4.2 Algebraj
The nonzero brackets are
[ea, e5] = €1, [e3, 5] = €3, [ea, 5] = ceq; (0 < e < 1), (4.3)
and the corresponding system of geodesic equations is
g=1zw, =0, y=gw, 2Z=ciw, w=N0. (4.4)
The symmetry algebra basis and nonvanishing brackets are, respectively,

elzD.’m 62:Dt7 63:D

Y
€4 = Dq; €5 = Dz7 €6 = UJDta
er = wD,, eg = €' D,, eg = e Dy,
1 xzD
e = §w2Dq +wD,, e = Tq + Dy, €12 =qD;+tDy + 1Dy,
wx — 2q)D,
€13 = yDya e = 2D, €15 = —( 5 ) L+ tDy,
€16 = th, e = CIZDt, €18 = Z'Dq,

63

www.manharaa.com




twD,

el9 = qDg + 2Dy + (:Bw — 2q)Dq, e =tD, + —
2
TW
€22 = (T - qw)Dq + (:Bw — 2q)Dx.
le1, e11] = %v le1, e12] = ey, le1, e15] = %7

[e1, e18] = ea,
€2, €12] = ea,
[e3, e13] = e3,
[64, 621] = —2ey,

[667 612] = €,

[67, 611] = —€4,
le7, e21] = —2eg,
[69, 611] = —Cé€g,

[6107 617] = €e,

e15, e17] = —enr,
[615, 622] = —€22,
16, €22] = —2ea0,
18, €10] = —2e1s,
[619, 620] = —€20,

le1, e19] = €1 + e7,
[e2, €15] = €2,

lea, e12] = ey,

[64, 622] = —2e1 — ey,
es; €15] = e,

le7, e12] = ex,

le7, €22] = —2e10,

[eg, €14] = e9,

[6107 618] = ér,

[615, 618] = €18,

[e16, €17] = —eus,
17, e10] = —eu7,
[618, 620] = —C€16;
[619, 621] = —C€a21,

[e1, ea1] = e,
[ea, €16] = €4,
[e4, e15] = —eu,
[e5, e14] = e5,

[66, 616] = €ér,

e, e15] = —ex,

[es, e11] = —es,

[610, 611] = —€1— %7
[e10, €19] = €10,

[e15, €20] = €0,

16, €19] = —e1s,

le17, €20] = —e15 + €19,
e18, €21] = —2e17,
€19, €22] = —2e99,

€ = (mw — 2q)Dt,

[61, 617] = €3,

[€1> 622] = €10,

e
lea, e20] = €1 + —77

2
€4, €19] = —eu,
e, e11] = —e,
€6, €20] = —e10,
e7, e19] = —e7,

[687 e13] = €g,
[610> 612] = €10,

le15, €16] = 2e16,

le15, €21] = —2ea1,
le16, €21] = —2e1s,
[617, 622] = —€21,
le1s, €20] = —2e,
[620, e21] = —€22.

For the generic case, the symmetry algebra is s[(3,R) x (R* x R!?). The semisimple
part s[(3,R) is spanned by e;5, €16, €17, €13, €19, €20, €21, €22; the abelian nilradical R
is spanned by ey, es, 3, €4, €5, €4, €7, €3, €9, €19, and the abelian complement to R is

spanned by ejq, €12, €13, €14.
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4.2.1 Subcasec=1

The symmetries and nonzero brackets are, respectively,

er = D,, e = Dy,
€3 = Dq7 €4 = Dy7
es =D, e = why,
er = wh,, eg = €' D,,
w?
€9 = €tz, €10 = 7Dq + lUDx7
x
€11 = Dw + §Dq, €19 = QDq + tDt + ZCDx,

€13 = yDy + 2D, €14 = yDy — 2D,

€15 = ZDya €16 = yDza

wr — 2
€17 — tDt + (—2q)Dq, €18 — $Dq, €19 — th,
€20 = qDgq + 2Dy + (wz — 2¢) Dy, e = xDy,

tw
€22 = 7Dq + 1Dy, eas = (wx — 2q) Dy,

(zw? — qu)

ey = 5 D, + (wx — 2q)D,.

€3

e
[61,611] = 5, [61,612] = €1, [61,617] = 57, [617618] = €3,

[e1, e20] = €1 + €7,
e, e12] = €2,

[€3> 612] = €3,

€3, €24] = —2e1 — €7,

[65, 613] = €5,

[667 612] = €¢,

[e1, e21] = €2,
[ea, €17] = ea,
[637617] = —é€s,
e, €13] = eu,
les, e14] = —es,

[667 617] = €¢,

65

[e1, €3] = e,
[ea, e19] = €3,
[63, 620] = —é€s,
[64, 614] = €y,
[65, 615] = €y,

[66: 619] = ér,

[e1, e24] = e,
[ea, €20 = €1 + %7
[63, 623] = —2eq,
[e4, e16] = €5,
[e6, e11] = —ea,

[66, 622] = €10,
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[e7, e11] = —es,
e, €3] = —2eq,
es, €14] = €5,
e, e14] = —eg,
[610, 618] = ér,

le14, €16] = 2e1g,

[617, 621] = —é€a1,
[e1s, €20] = —2e1s,
[619, 620] = —€j9,

[620, 621] = €21,

[€a1, €22] = —eq7 + €90,

le7, €12] = e7,
le7, €24] = —2e10,
es; e16] = €9,
g, €15] = €,
[610, 620] = €10,
e15, €16] = —€14,

[617, 622] = €99,

[618, 622] = —€19;
[6197621] = —€18;
[6’207622] = €22,
€21, €24] = —ea3,

e7, e17] = —ex,
eg, e11] = —es,
eg, e11] = —eq,
le10,e11] = —e1 — —,

[610, 621] = €¢,

[617, 618] = €18,

le17, €23] = —2e93,
[e18, €23] = —2ea1,
[e19, €23] = —2e17,
[€2o, 623] = —e€3,
[e22, €23] = —e€a4.

€7
2

e, e20] = —er,
[es, e13] = es,
[eg, €13] = e,
[e10, €12] = €10,
le14, €15] = —2e1s,

le17, €19] = 2e19,

[617, 624] = —€24,

e18, €24] = —2ea0,
19, €24] = —2e29,
€20, €24] = —2e24,

The algebra is a sl(2,R) @ sl(3,R) x (R* x R1?) Levi decomposition algebra. The

semisimple factor is a direct sum of s[(2,R) spanned by ey4, €15, €16 and sl(3,R)

spanned by ej7, e1g, €19, €20, €21, €22, €23, €24. The radical comprises a ten-dimensional

indecomposable nilradical spanned by ey, es, €3, €4, €5, €4, €7, €5, €9, €19 and a three-

dimensional abelian complement spanned by e, €12, €13.

4.3 Algebra¥

The nonzero brackets are

[e1, e5] = e1, [e2, €3] = €1 + e, [e3,e5] = bes, [eq, e5] = ceq;  (be # 0), (4.5)
and the associated system of geodesic equations is
Gg=quw+zw, T=zw, Y=byw, zZ=ciw, w=0. (4.6)
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The symmetry basis and nonzero brackets are, respectively,

e1 = D,, ea=D,, es=zD, e =e"D, e5=(w—1)e"D,+e"D,,
bw cw

e = why, ez=D,, e=D,, eg =e€"Dy, e =e"D,,

en = Dy, e =tD;, ez =Dy, eu=yD,, e5=2z2D,,

€16 = q.Dq + CE’D:,;

[61, 63] = €9, [61, 616] = €1, [62, 616] = €2, [63, 65] = —€4, [64, 613] = —€4,
[64, 616] = €4, [65, 613] = —€4 — €5, [65, 616] = €53, [66, 612] = €¢, [667 613] = —€11,
[67, 614] = ér, [68; 615] = €3, [69, 613] = —bey, [69, 614] = €9, [610, 613] = —cCeéo,

[6107615] = €10, [611,612] = €11.

For the generic case, the symmetry algebra is a sixteen-dimensional indecomposable
solvable R® x (Hs @ R®). The non-abelian nilradical is Hs & R®. Here H denotes
the five-dimensional Heisenberg algebra and is spanned by eq,es, €3, €4, €5, and the
RS summand is spanned by eg, €7, €s, €9, €10, €11. The complement to the nilradical is

abelian spanned by eis, €13, €14, €15, €16.
4.3.1 Subcase b=1

The symmetries and nonzero brackets are, respectively,

er = xDy, e = Dy, es = Dy, es =aD,,
es = (w—1)e"D, + €“D,, eg = e Dy, er = 2Dy, eg = e’ D,
eg =D, €10 = Dy7 en = Dy, €12 = ecwDy,
e13 = why, ey = tDy, eis = Dy, €16 =yD,,
€17 = ZDz, €18 = qu + xDz
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le1, 2] = —e3,  [er,e5] = —eg,  [ea, e14] = €, [ea, e158] = €2,

[64, 65] = —¢€s, [64, 67] = €1, [64, 617] = €4, [64, 618] = €4,
[e5, 18] = es, les; e15] = —€e6,  [es, €18] = e, ler, es] = —eg;,
e7, e17] = —ex, e7, e18] = er, [es; e15] = —es, [es, e17] = es,

[e10, €16] = €10, le11,e14] = €11, [e1n, €15] = —cern, [erz, e16] = eia,

[613, 615] = —€11.
4.3.2 Subcase c=1

The symmetries and nonzero brackets are, respectively,

[es, 18] = e3,

es, e15] = —e5 — e,
le7, e9] = —e3,

leg, e17] = €9,

le1s, €14] = €13,

es = (w—1)e"D,+ €“D,,

er = Dy, e =D,, es = Dy, es =aD,,
es =€"Dy, er=2zD,, es =evD,, eg=D,, epn=D,,
enn =D,  enp=e"D,, e=wD;, 1 = 1Dy, e15 = Dy,
e = yDy,, eir=z2D,, eig = qDg +xD,.
le1, €] = —e3, [e1,e5] = —e6, e, e14] = e, [ea, €15] = €2,
leg, €5] = —es, [e4, 7] = ey, e, e17] = ey, e, 18] = —eu,
[e5, e15] = €5, e, €15] = —e6,  [es, e18] = €5, e7, e8] = —eg,
[e7, e17] = —ex, e7, e18] = e7, [es, e15] = —es, [es, e17] = e,
[610, 616] = €10, [611, 614] = €11, [612, 615] = —bey, [612, 616] = €12,

[6137 615] = —€11.

[e3, e18] = e3,

[e5, e15] = —e5 — e,
7, e9] = —e3,

e, e17] = ey,

[613, 614] = €13,

For both subcases, it is an eighteen-dimensional indecomposable solvable algebra. The

nilrdaical is an non-abelian Lie algebra, Ny @R*, where Ny is a nine-dimensional inde-

composable nilpotent spanned by e1, s, 3, 4, e5€6, €7, €5, g and R* ey, €11, €12, €13. The
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complement to the nilradical is a five-dimensional abelian spanned by eyy4, €15, €16,

€17, €18

4.3.3 Subcase b=—c¢

The symmetries and nonzero brackets are, respectively,

e1 = Dy, ex = e Dy, es = v Dy,

es = Dy, eg = D,, er =D,

eg =€e“D,, ejp=¢e"Dy, e =wDy,

e13 = tDy, e = Dy, eis =yDy + 2D,

err = zD,y, eis =yD,.

[e1, e3] = es, le1, e12] = ex, [ea, €12] =

[64, 612] = €4, [64, e14] = —€3 — €4, [65, 612] =
e, €17] = ex, er, e15] = e, le7, e16] =
[69, 614] = —CCy, [69, 615] = €y, [69, 616] =
[610, 615] = €10, [610, 616] = €10, [610, 618] =
16, e17] = —2e17, [eis, e1s] = 2e1s, le17, e18] =

es = (w—1)e"D, +e”D,,

€g = Dt:
€12 = qu + xDma

e =yDy — 2D,

€2, leg, e14] = —e,
€5, es; €15] = e,
€7, [67, 618] = €6,
—€o, [69, 617] = €10,
€9, [611, 613] = €11,
—e16.

[e3, €4] =
leg, e16] =
[68; 613] =

[610, 614] =

[611, 614] =

The symmetry algebra is s[(2, R) x (R* x R®@® H;) Levi decomposition where the radi-

cal consisting of a decomposable nilradical R6@ Hy spanned by eg, e7, es, €9, €10, €11 and

e1, €9, €3, €4, €5, respectively, as well as an abelain complement spanned by e1s, €13, €14, €15.

The semisimple part is s[(2, R) spanned by ejq, €17, €1s.
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4.3.4 Subcaseb=1,c=1

The symmetries and nonzero brackets are, respectively,

€1 = Dwa

es = (w—1)e"D, + e“D,,

eg = why,
ei3 =D,

€17 = tDta
€21 = ZDy:

[61, 62] = €11,

es, e5] = —es,
[e3, €20] = €15,
[e5, e18] = €5,
[67, 622] = €13,
[687 622] = €14,
10, €15] = —ea,

[611, e18] = €11,

[613, 619] = €13, [613, 6’20] = —é€13,
[614, 620] = —€14, [614, 621] = €g,
[615, 621] = €3, [620; 621] = —2ey,

ey = 2D, es =xD,, es = €Dy,
eg = Dy, er =D,, es = e Dy,
€10 = Zan €11 = Dq: €12 = qu7
ey = e D, e1s = xD;, e16 = Dy,
€18 = qu +aDy, €19 = yDy +2zD,, ey = yDy —zD,,
e =yD.,.
[61, 63] = €, [61, e15] = €13, [61, 618] = €1, [627 65] = —€y4,

e3, e12] = €2,
€4, €16] = —eu,
[es, €17] = e,
[68, 612] = €y,
[eg, €16] = —e,
[610, 618] = €10,

[612, 618] = €12,

[e3, e15] = —es,
le4, e18] = ey,
e7, e10] = eu1,
[es, e16] = —es,
[eg, €17] = e,
[610, 619] = —€1o0;,
[e12, €19] = —e€12,
[e13, €21] = ex,
[e15, e18] = —e5,

[e20, €22] = 2e99,

[63, 619] = €3,
[65, 615] = €14,
[67, 619] = ér,

[68: e19] = €g,

[63, 620] = €3,

[65, 616] = —€4 — €5,

[67, 620] = ér,

[€8> 620] = €3,

[610, e13] = —€11, [610, 614] = —€4,
[e10, €20] = €10, [e10, €22] = —€12,
[e12, €20] = —€12, [e12, €21] = —eqo,
[e14, €16] = —€14, [€14, €10] = €14,

[e15, €10] = €15, [e15, €20] = —e15,

[6217 622] = —€y0.

The symmetry algebra is s[(2,R) x (R* x R') indecomposable Levi decomposition

with a twenty-two-dimensional. It has a nineteen-dimensional solvable consisting of a

70

www.manharaa.com



fifteen-dimensional non-abelian nilradical spanned by ey, s, €3, €4, €5, €5, €7, €3, €9, €10,
e11, €12, €13, €14, €15 and a four-dimensional abelian complement spanned by eyq, €17, €13,

e19. The s1(2,R) part is semisimple spanned by es, €21, €22.
4.4 Algebras
The nonzero brackets are
[e2, 5] = €1, [e3,e5] = €2, [es, €5] = e3, (4.7)
and the corresponding system of geodesic equations is
j=azw, T=yw, y=0, Z=:zi2w, w=0. (4.8)
Symmetry algebra basis and nonvanishing brackets are, respectively,

e1 =Dy, ex= tha es=D,, e = Dq: es = D, €= Dyv er = wDhy,

eg =yD;, eg= qu7 €10 = qu: €11 = xDq +yD,, e =¢e"D,,
1

e13 = %w2Dq +wD,, ey =wyD,+2yD,, e15= éw?’Dq + 2w2D:,; +wD,,
ews =Dy, er=2D,, eg=qD;+zD,+yD,— %(wz —w?y)D, — %(—wy +2x)D,,
10 = 1D, + (wr —w'y)Dy + 5(~wy + 20)Ds,
eog = tDy — %(wx —w?y)D, — %(—wy +22)D,, en =twD,+2tD,, ey = (wy—2x)D,.
[61, 62] = €4, [61, 619] = €1, [61, 620] = €1,
[e1, €21] = e1o + 2es, [e2, e7] = —eno, [e2, 5] = —ey,
[ea, e18] = €2, ea, €19] = —ea, 2, €20] = —e2,
[62, 622] = 2ey1 — e, [63, 617] = €3, [64, 6’18] = €4,
[es, e11] = ey, les, e18] = —%6’10, les, e10] = €5 + 5610,
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1

[65, 620] = —5610 — €5,
[667 69] = €4,

1
les, e18] = €6 + 5613,

€6, €22] = e7,

e, e0] = e7,

[es, e18] = —es,

[es; €21] = €14,

[e10, €18] = €10,

le11, e15] = —es,
[611, 620] = €11 — €14,
le12, €16] = —€12,
[e13, €19] = €13,

le14, €15] = —2e13,
[614, 619] = €14,

15, €16] = —€13 — €6,

1

[616, 619] = —(611 - 614),

2

[6167 622] = €g,

[621, 622] = —4ey.

[65, 622] = —2ey,

[66; e11] = €5,

1
[66: e19] = —56137
[67, 616] = —é€y,

le7, €21] = 2e13,

[es, e10] = es,

[eg, €15] = —eio,
[e11, e13] = —eqo,
[611, 618] = €11 — €14,
le11, €21] = —2e,

[612; 617] = €12,

[613, 620] = —€13,
[614, 616] = —é€y,
[614, 620] = —€14,

[615, 618] = €15,
1

le16, €20] = 5(—611 + e14),

le20, €21] = 2eay,

[€6> 68] = €1,
[es, €14] = €10 + 2es,

1

[667 620] = 56137
[67, 6’19] = ér,

[687 615] = —er,

[68, 620] = €g,

€10, €16] = —eu,

le11, e14] = —2ey,

le11, e19] = —eq1 + e,
11, €] = —2eg,

13, €16] = —€10 — €5,
13, €22] = —2e7,

14, €18] = —e€14,

[614, 622] = —des,

[e16, €18] = 5(—611 + e14),

[6167 621] = €2,

[e20, €22] = —2€99,

The symmetry algebra is a twenty-two-dimensional indecomposable Levi decompo-

sition, where the semisimple is s[(2, R) spanned by eg, €21, €22 and the nilradical is

non-abelian Spanned by €1, €2, €3, €4, €5, €6, €7, €8, €9, €10, €11, €12, €13, €14, €15-
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4.5 Algebraj,

The nonzero brackets are
le1, 5] = €1, [ea,e5] = €1 + €y, [e3,65] = ea + €3, [ea,e5] = ces; (¢ #0),  (4.9)
and the associated system of geodesic equations is
4 =qu+tw, I=zdiw+yw, y=yw, zZ=czw, w=0. (4.10)
Symmetry algebra basis and nonvanishing brackets are, respectively,
es=D,, e=D, e=xD,+yD,, e =D, e;=(w-—1)e"D,+e"D,,

2

s =c"D,, er=yD,, es= ("“7 —w+1)e"Dy + (w — 1)e“D, + ¢“ D,

cw
eg=2D,, eqo=e"D,, en=D;, ep=wDy e3=D,, eu=tD,

eis =z2D,, e =qDq+ 2D, +yD,.

le1, e16] = €1, [e2, €3] = ex, [e2, €16] = €2, [e3, 4] = —e, [e3, €5] = —eg,
[63, 68] = —é€s, [64, 67] = €1, [64, 616] = €4, [65, 613] = —€5 — €g, [65, 616] = €5,
[e6, €13] = —e6,  [eq, €16] = €5, [e7,es] = —eq, es,e13] = —e5 — €5, [es, e16] = €5,
[eg, €15] = e, [e10, €13] = —cero, [e10, €15] = €10,  [e11, €14] = e, le12, e13] = —ey,

[6127 614] = €12.

For the generic case, the symmetry algebra is a sixteen-dimensional indecompos-
able solvable Lie algebra R* x (Ny @ R?). The nilrical is composed of a twelve-
dimensional decomposable, a direct sum of a nine-dimensional nilpotent spanned
by e1, s, €3, €4, €5, €6, €7, €5, €9 and R3 spanned by e, €11, e12. The complement to the

nilradical is a four-dimensional abelian spanned by ei3, €14, €15, €16-
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4.5.1 Subcase c=1

The symmetries and nonzero brackets are, respectively,

er=Dy, e=Dy es=D,, e=D, e=D, e=yD, e =yD,

w w
eg =zDy, e9g=wDy, e=xDg+yD,, en1=¢e"Dy, e1p=2e"D,,

2

ei3 = (w—1)e"Dy+ €Dy, e1q= (% —w+1)e"D, + (w—1)e“D, + e“D,,

€15 = Dw, €16 — tDt, €17 = ZDZ, €18 = qu + IIZDw + yDy

e1, e16] = €1, e, e18] = €2, le3, e10] = €2, [e3, e18] = e3,

[e4, e5] = €2, [e4, e17] = eq, [e5, e6] = eu, [e5, 7] = e,
les, e10] = €3, [es, €18] = es, [es, eg] = ex, €6, €14] = —e19,
[€6>617] = €6, [66>618] = — €, [677614] = —¢€11, [687612] = —¢€11,
[68> 617] = —¢€s, [68> 618] = €8, [69, 615] = —€1, [69, 616] = €y,
[610, 613] = —€11, [610, 614] = —€13, [611, 615] = —€11, [611, 618] = €11,
[612, 615] = —€12, [612, 617] = €12, [613, 6’15] = —€11 — €13, [613, 618] = €13,
[614, 815] = —€13 — €14, [614, 618] = €14.

The symmetry algebra is R* xR indecomposable solvable. It has a fourteen-dimensional
non-abelian nilradical spanned by ey, es, €3, €4, €5, €¢, €7, €3, €9, €10, €11, €12, €13, €14 and

a four-dimensional abelian complement spanned by eys, €6, €17, €15.
4.6 Algebras -

The nonzero brackets are

[e1,e5] = €1, [ea, 5] = €1 + €2, [e3,e5] = €2 + €3, [es, 5] = 3+ €y, (4.11)
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and the corresponding system of geodesic equations is
Gg=quw+7ztw, T=zIw-+yw, Y=yw+ziw, Z=~z2iw, w=0. (4.12)
Symmetry algebra basis and nonvanishing brackets are, respectively,

€1 = Dq; €2 = Dya es=D;, e=D, e =D, e= qu: er = wDhy,
es =yDy+2D,, eg=e"D,, ey=aDy+yD,+2D,, e = (w-—1)e"Dy+e“D,,

e = (w? — 2w +2)e” D, + (2w — 2)e“ D, + 2e“D,),

w3 ’U)2 2

w
e13 = (F - +w—1)e"D, + (7 —w+1)e"D, + (w—1)e“Dy +€“D,, ey =1tDy,

eis = Dy, eg=¢qDg+2xDy+yD,+ 2D,.

[61, 616] = €1, [62, 68] = €1, [62, 610] = €3, [62, 616] = €2,

[63, 610] = €1, [63, 616] = €3, [6’4, 66] = €1, [6’4, 68] = €3,

[e4, €10] = e2, €4, e16] = €4, [es, €14] = €5, €6, €13] = —eo,

e7, €14] = €7, 7, e15] = —es, es, e12] = —2eq, [es, €13] = —eu,

[eg, €15] = —e, [eg, €16] = €9, [e10, €11] = —eg,  [e10, €12] = —2e11,

[610, 613] = —%, [611, 615] = —€11 — €9, [611, 616] = €11, [612, 615] = —2eq1 — ey,
[612, 616] = €12, [613, 615] = —% — €13, [613, 616] = €13.

It is a sixteen-dimensional indecomposable solvable algebra. The nilradical is a thirteen-
dimensional non-abelian spanned by eq, eq, €3, €4, €5, €6, €7, €3, €9, €10, €11, €12, €13, Where

its complement R? is abelian spanned by ei4, €15, €16.
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4.7 Algebral’;
The nonzero brackets are

[617 65] = €1, [627 65] = aey, [637 65] = b63 — C€y, [647 65] =ce3 + b€4; (ac 7£ Oa |a| S 1)7
(4.13)
and the associated system of geodesic equations is
Gd=quw, I=atw, Y=>byw+ciw, Z=—cyw+biw, w=0. (4.14)
Symmetry algebra basis and nonvanishing brackets are, respectively,
€1 = Dya €2 = Dza €3 = an €4 = Dma €5 = Dta €6 = U)Dta €7 = €qu,
es =e"D,, e9= eb“’(sin cwD, + cos ctz), el = eb“’(cos cwD, — sin ctz),

enn = Dy, e =1tD;, e3= qu7 el =Dy, €15 = yDy +2D,, e= ZDy —yD..

[61, 615] = €1, [61, 6’16] = —é2, [6’2, 615] = €2, [6’2, 616] = €1,
[63, 613] = €3, [64, 6’14] = €4, [6’5, 612] = €5, [6’6, 611] = —€s,
[e6, €12] = e, le7, enn] = —er, e, e13] = er, [es, e11] = —aes,
[es, €14] = e, leg, €11] = —beg — ce1g, e, €15] = e, [eg, €16] = €10,
le10, e11] = —beig + ceg,  [e1o, €15] = €0, 10, €16] = —e9.

For the generic case, it is RS x R!® indecomposable solvable Lie algebra. The nilrad-
ical and its complement are abelian spanned by ey, es, €3, €4, €5, €¢, €7, €3, €9, €19 and

€11, €12, €13, €14, €15, €16, Tespectively.
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4.7.1 Subcase a=1

The symmetries and nonzero brackets are, respectively,

w
e =Dy, ea=Dy, e3s=D, e =Dy e=D; e=wh er=e"Dy,

eg = €YDy, eg= ebw(sin cwD, + coscwD,), e = ebw(cos cwD, —sincwD,),
e11 = Dy, en=1tDy, e3=yD,+2D,, eu=z2D,—yD., ei5=qD;+ Dy,

16 — qu — l‘Dm, €17 = £L’Dq, €18 — qu

[e1, e12] = ey, e, e13] = €2, [e2, e14] = —e3, [es, e13] = es,
€3, e14] = e, [e4, e15] = eu, es,€16] = €a, e, e18] = e5,
[e5, e15] = es, [es, €16] = —es, [es, e17] = ey, e, e11] = —e,
€6, €12] = e, le7, enn] = —er, le7, e15] = er, e, e16] = e7,
[67, 618] = €g, [68> 611] = —¢€s, [687615] = €8, [68, 616] = —é€s,
[687 617] = e, [69, 611] = —beg — ceno, [69, 613] = €9, [69, 614] = €10,
[610, 611] = —beyg + cey, [610, 613] = €10, [6’10,614] = —€y, [616, 617] = —2eir,
e16, e18] = 2e1s, le17, e18] = —eq.

4.7.2 Subcase b=0

The symmetries and nonzero brackets are, respectively,

w
e1 =Dy, ex= Dy: e3s=D,, e= an es =D,, e=wDy;, er=e an
eg =€ D,, ey =sincwD, + coscwD,, ey = coscwD, —sincwD,,
c
er1 = Dy, + §(ZDy - yDz), eip =tD;, e3= qu; els =xD,, e15= Z/Dy + 2D,

e = 2Dy —yD,, er = (zcoscw + ysincw)D, + (ycoscw — zsincw)D,,

e1s = (y cos cw — zsin cw)D,, — (2 cos cw + ysin cw)D,.
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—C

[617612] = €1, [62,611] = 763, [62,615] = €2, [62,616] = —€s,
[e2, e17] = €9, €2, e18] = e1o, e, e11] = gez, [e3, €15] = e3,

[63, e16] = €2, [63, 617] = €10, [63, 618] = —€o, [64, 613] = €4,

[65, 614] = €5, [66, 611] = —€, [66, 612] = C¢, [67, 611] = —¢r,
le7, e13] = er, e, e11] = —aes, es, €14] = €5, leg, e11] = _70610;
[eg, €15] = eg, eg, e16] = €10, e, e17] = €2, [eg, €18] = —es,
[e10, €11] = geg, [e10, €15] = €10, [e10, €16] = —eo, 10, €17] = €3,
10, €18] = €2, [e16, €17] = —2e18,  [e16, €18] = 2e17,  [enr, 18] = 2eg6.

For both cases, the symmetry algebra is s[(2, R) x (R® xR'?), where s(2, R) is spanned
by €16, €17, €15. The R factor is spanned by ey, €12, €13, €14, €15 and the nilradical R

1s Spa‘nned by €1, €2, €3, €4, €5, C¢, €7, €3, €9, €10-
4.7.3 Subcase b =1

The symmetries and nonzero brackets are, respectively,

w
€1 = Dy; €2 = Dz; €3 = an €4 = Dxa €5 = Dt7 €6 = th; €r =¢ an
es =€ D,, ey =e"(sincwD, +coscwD,), e =e"(coscwD, —sincwD,),

en1 =Dy, ep=tD;, ez3= qu; ela =xD,, e15= yDy +2D., e= ZDy —yD..

[61, 615] = €1, [61, 616] = —€2, [62, e15] = €2, [62, e16] = €1,
[63, e13] = €3, [64, 614] = €4, [65, 612] = €s, [66, e11] = —€s,
[e6, €12] = €6, le7, en1] = —ex, le7, e13] = ex, leg, e11] = —aes,
[es, €14] = es, [eg, e11] = —ce1g — €9, [eg, €15] = €9, [eg, 16] = €10,
[e10, €11] = ceg — €10, [e10, €15] = €10, €10, €16] = —e9.
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The symmetry algebra is R® xR1? indecomposable solvable where the nilradical and its
complement are abelian spanned by ey, e, €3, €4, €5, €4, €7, €3, €9, €19 and €11, €12, €13, €14,

e1s, €16, respectively.
4.8 Algebraj,,

The nonzero brackets are
[ea, e5] = €1, [e3, e5] = aez — ey, [es, €5] = €3 + aey, (4.15)
and the corresponding system of geodesic equations is
j=xtw, =0, §=ayw+2iw, Z=—yw+aiw, w=0. (4.16)
Symmetry algebra basis and nonvanishing brackets are, respectively,
e1 =Dy, ey =e"(sinwD, —coswD,), es=D, e=D, e;=D,,
eg =D,, er=e"(sinwDy+coswD,), es=wD,, e9=wDy,
1
€10 = _szq +wD,, en=-—-zD,+yD., epn=yD,+zD.,

2
1
€13 = qu + tDt + Z'Dm, €14 = Dw + §£L'Dq, €15 = th,
1
e = tDy + 5(1055 —2q)Dy, err=xDy, €18 =xDy,
1
e = qDy+ D, + (wxr — 2q)D,, e = Ethq +tD,, €9 = (wx —2q)Dy,

1
€9y = (gaij — qw)Dy + (wx — 2q)D,.

le1, e13] = ex, le1, e15] = es, [e1, e16] = e, [e1, e20] = €6 + %es,
[62, 611] = —ér, [62, 612] = €2, [627 614] = —aez — e, [63, e13] = €3,

[63, 616] = —é€s, [63, 619] = —é€s, [63, e21] = —2ey, [63, 622] = —2e¢ — €3,
[64, 611] = —€s, [64, 612] = €4, [65, 611] = €4, [65, 612] = €5,
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[es, €13] = €6,

[es, 18] = €1,

e7, e11] = ea,

es, e14] = —e3,
[es, €22] = —2e10,
[eg, €16] = e,
[e10, €17] = es,
e15, e18] = —enr,

[616, 617] = €17,

[6167 622] = —€a93,
[e17, e22] = —2e1g,
[619, 620] = —é€,

1
[667 614] = 5€s3,

2
es, €19] = €6 + €3,
ler, e12] = eq,
es; €16] = —es,
[eg, €13] = e,

[69, 620] = €10,

[610, e18] = €y,

[e15, €10] = —e1s,
[e16, €18] = —eis,
[e17, e10] = —2e17,
[e18, €19] = —e1s,
[619, 621] = —€a1,

1

[667 e16] = 5687

[66, 621] = €y,

[67, 614] = —ae7 + ég,
[687 619] = —e€g,
[697 614] = —€1,

[6107 613] = €10,
[610, 619] = €10,
le1s, €21] = —2eyg,

[616, 620] = €20,

[617, 620] = —€15,
le1s, €20] = —ei16 + €19,
[e19, €22] = —2e99,

[66, 617] = €3,
[e6, €22] = €10,
[es, e13] = es,
[es, €a1] = —2eg,

[69, 615] = €g,

le10, €14] = —€6 — %687
[e15, €16] = —2e15,
(€15, €22] = —2ex0,
[e16, €21] = —2ea1,
le17, €] = —2es,
le1s, €20] = —e€a1,

[e20, €21] = —e€2.

For the generic case, the symmetry algebra has a s[(3, R) x (R* xR!?) Levi decomposi-

tion, where the semisimple part is s[(3,R) spanned by e;5, €16, €17, €13, €19, €20, €21, €22.

The radical R* xR is spanned by ey, es, €3, €4, €5, €6, €7, €3, €9, €10 and €11, €12, €13, €14.
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4.8.1 Subcase a =0

The symmetries and nonzero brackets are, respectively,

€1 = Dt7

er = sinwD, + coswD,,

en = yDy + 2D,

€14 = th,

e = (5rw? — qu

2

ea0 = qDg + 2D, + (wz — 29) Dy,

€y = Dq,

€3 = D2:7

eg = why,

)Dq + ('U)$ - 2q)D9:7

€4 = Dy,
eg = why,
€12 = QDq + tDt + a:Dz,

1
e =tD, + §(wx —2q)D,,,

€16 — l‘Dt,

€5 = Dxa

e¢ = sinwD, — coswD,,

1
el = §w2Dq +wD,,

1
e13 = Dy + =(zDy + 2D, — yD,),

2

1
€19 — §t’qu + tDI,

eg1 = (wx — 2q) Dy,

a3 = (2cosw + ysinw)D, + (y cosw — zsinw)D,,

ey = (—ycosw + zsinw)D, + (zcosw + ysinw)D,.

e1, e12] = ey,
[ea, €12] = €2,
[ea, €21] = —2ey,
[e3, €3] = —es,

[6’4, 622] = €3,

1
[65, 613] = 562,
[65, 618] = €10,
1
[667 613] = —567,

[67, 611] = ér,

[67, 624] = €3,

es, e15] = —2eqo,

e1, e14] = €2,
[ea, €15] = —ea,
les, e11] = es,
les, 24] = €7,

[64, 623] = €7,
1

[65, 615] = 568)

les, e20] = €5 + es,

[66, 622] = —é€r,

1

[67, 613] = 5667

[68> 612] = €3,

[68; 620] = —€g,
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[61; 615] = €1,
[e2, e18] = —2e5 — e,

1
[63, 613] = €4,

2
lea, e11] = ey,
€4, €24] = e,
[es, e16] = €1,
[65, 621] = €y,
[66, 623] = —é€s,
[e7, €22] = €,
[68, 613] = —é€,

[68, 621] = —2ey,

€17 = $Dq,

€99 = —ZDy + yDz,

1
le1, e19] = €5 + 5687
[62, 6’20] = —€y,
[637 622] = —€q4,
1
[647613] = —5637

[es, €12] = es,
es, e17] = ea,
[667 611] = €¢,
e6, €aa] = €4,
[e7, 23] = e4,
es; €15] = —es,

[69, 612] = €9,
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[eg, e13] = —e,
[610, 612] = €10,
[e10, €20] = €10,
le14, €20] = —€14,

[615, e18] = —é€13,

[6167 619] = €20 — €15,

le17, €20] = —2e17,
[619, 621] = —€13,

[e23, €24] = 2e99.

[69, 614] = €3,

[e10, €13] = —e5 — %687
le14, €15] = —2e14,
le14, €21] = —2e1s,
le15, €19] = €19,

[e16, €20] = —€16,

le17, ex1] = —2es,
[620, 621] = —€21,

[69, 615] = €9,

[610, 616] = €9,

14, €16] = —ea7,
[e15, €16] = —e16,
e15, €21] = —2ea1,
17, e18] = —2ea0,

le1s, €20] = 2ess,

€22, €3] = —2€24,

[69, 619] = €10,
10, €17] = es,
14, €18] = —2e19,
[e15, e17] = e,
e16, e18] = —ean,
le17, e19] = —e14,
[e19, €20] = €19,

[e22, €24] = 2e23,

The symmetry algebra has a sl(3,R) ®sl(2, R) x (R* x R'%) Levi decomposition alge-

bra. The semisimple part is sl(3, R)®sl(2, R) spanned by e4, €15, €16, €17, €18, €19, €20, €21

and ego, €93, €94, Tespectively. The solvable comprises of a three-dimensional abelian

complement spanned by e, €12, €13 and a ten-dimensional abelian nilradical spanned

by €1, €2, €3, €4, €5, €g, €7, €9, €10-

4.9 Algebraj 5

The nonzero brackets are

le1,e5] = €1, [e2, e5] = e1 + €2, [es, 5] = aes, [es, €5] = €3 + aey;

and the associated system of geodesic equations is

4 = qu + zw,

T = 2w,

i = agni + 24,

3 = as,

(la| <1), (4.17)

W = 0. (4.18)
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Symmetry algebra basis and nonvanishing brackets are, respectively,

ev =D, e=D, es=xD, e=(w—1)e"D,+¢e“D,, e5=e"D,,
e (aw — 1)e™
aw
eg = o D,, e;= E— D, +e"™D,, es=2zD,, e=D, eyn=D,,

enn =Dy, en=wDy, ez3=D,, eu=tD, es=qDj+xD,;, es=yD,+zD,.

[61, 63] = €y, [61, 615] = €1, [62, 615] = €2, [63, 64] = —6s,
[64, 613] = —€4 — €5, [64, 615] = €4, [65, 613] = —€s, [65, 615] = €5,
[eg, €13] = —aeg, [es, €16] = €6, ler, es] = aeq,  [er,e13] = —aeg — aer,
[67, 616] = €7, [68, 69] = —€10, [69, 616] = €9, [610, 616] = €10,
[e11, e14] = e, [e12, €13] = —e11,  [e1; e14] = €12

For the generic case, the symmetry algebra is R* x (Hs & N;) indecomposable solv-
able, where the decomposable nilradical is comprised of a five-dimensional Heisenberg
spanned by eq, es, €3, €4, €5 and a seven-dimensional nilpotent spanned by eg, e7, e, €9,

€10, €11, €12. The R?* factor is abelian spanned by e;s3, €14, €15, €15.
4.9.1 Subcase a =0

The symmetries and nonzero brackets are, respectively,

ey =¢€¢"Dy, ex=D,, e3=D, e =xD, e =(w-—1)e"D,+¢e"D,,

1
2
e¢ = why, e;=wD,, ex=D, e=D, eo= §w D, +wD,,

wz
T)Dy, €13 = QDq + J?DI,

1 1
e =D, + §sz, e =tD,, e=1tD— (y— §wz)Dy, err = 2Dy,

1
e11 = Dt, €12 = tDt + észy + ZDZ + (y -

1
e1s = 2Dy, €9 = Ethy +1tD,, ey = (wz—2y)Dy,

Wz 1
eg1 = zwzDy + 2D, — (y — T)Dy’ €22 = (52'1”2 —wy)Dy + (wz — 2y)D..
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e, e13] = e,
[e3, e13] = e3,
€6, €12] = e,
[es; e10] = €10,
[e7, €20] = —2es,
[es, e16] = —es,
[eg, €12] = e,
[69, 618] = €g,
[610, 612] = €10,

[610, 621] = €10,

le11, e10] = %67 + €9,
le15, €21] = —eus,
€16, €10] = €19,

le17, ex] = —er,
[e1s, €21] = —2es,

[620, 621] = €20,

[61, 614] = —¢€y,
[64765] = —é€,
[667 614] = —€11,

[677 612] = ér,

[67, 621] = —é€r,

les, ex0] = —2e11,
1

[69, 614] = 5687

[69, 620] = €¢,

1
[6107 614] = —567 — €,

[6117 e12] = €11,

e15, e16] = —2e15,
€15, €22] = —2ey9,
[e16, €20] = —2ea0,
[e17, e22] = —ea0,

€18, €20] = —2e1,
[621, 622] = —2eg.

[62, 613] = €2,
[65, 613] = €5,

[667 615] = ér,

le7, e14] = —es,
le7, e20] = —2ey0,
e, €21] = —es,
leg, €16] = %67;

leg, €21] = e7 + e,
[610, 617] = €,

[611, 615] = €8,

[e15, e17] = —eus,
[e16, €17] = —ear,
€16, €22] = —ea2,
[e18, €19] = —e1s,
[e19, €20] = —e€a,

[63, 64] = €2,

[es, €14] = —€1 — es,
[e6, €16] = €6,

7, e16] = —ex,

[es; €12] = es,

[es, €2a] = —e7 — 2eg,
e, e17] = eu1,

[69, 622] = €10,
[e10, €18] = ex,
le11, e16] = €11,
15, €20] = —2es,
[616, 618] = €18,
[e17, e10] = —€16 + €21,
e18, €20] = —2e17,

[619, 621] = €19,

The symmetry algebra is a twenty-two-dimensional indecomposable, sl(3, R) x (R® x

Hs; @ R®). The radical is a semi-direct product R?® x (Hs @ R®) with an eleven-

dimensional non-abelian nilradical spanned by ey, es, €3, e4, €5, and eg, €7, eg, €9, €19, €11,

respectively, as well as a three-dimensional abelian complement spanned by ey, €13, €14.

The semisimple part is sl(3,R) spanned by eys, 16, €17, €18, €19, €20, €21, €22-
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4.9.2 Subcase a =1

The symmetries and nonzero brackets are, respectively,

e1 =Dy, ey=1D,,

er = xDy,

ei3 = (w—1)e"D,+e"D,,

err =qDy+ 2D, +yDy + 2D,

€90 — (]Dy + .TDZ.

[e1, e16] = ex,
[es, e17] = es,
e, €9] = €3,
les, eg] = €2,
[65, 619] = €4,
e7, e19] = —es,
leg, €20] = €10 — er,
[610, 614] = —€12,
[611, 6’17] = €11,
[e12, €17] = €1,
[e13, e17] = eus,

[614; 617] = €14,

le1s, €20] = 2e90,

es=D,, e

eg = 2Dy, e9 = xD,,

[ea, €17] = ea,
e, e18] = —es,
leg, e17] = €4,
es, e10] = €3,
[667615] = —€1,
[e7, €20] = e,
[697613] = —€13,
[e10, €10] = €3,
11, e18] = e,
[e12, €18] = —e1a,
[e13, 18] = €13,
14, €18] = —e14,

[6197 e20] = —€18.

= D:m

€10 = ZDy,

€5 = Dz:

e1s = (w—1)e"D, + €“D,,

eww=qD,+xD, —yD, — zD,,

[e2, e18] = €2,
e, e10] = €2,
[ea, €18] = eu,
les, e17] = es,

[66> 616] = €¢,

[68, 614] = —€11,
[69, 618] = —2ey,
[610, 620] = —€y,

[611, 620] = €12,
[612, 619] = €11,
[613, 620] = €14,

[614, 619] = €13,

85

w
€11 = € Dq,

eis = Dy,

e = why,

w
€12 = € Dy,
e = tDy,

€19 = qu + ZDx,

[ea, €20] = €3,
[ea, e7] = e,
[e4, €20] = es,
[e5, 18] = —es,
[67, e13] = —€11,

[es, e18] = 2es,

[eg, €19] = —e10 + €7,
[611, 615] = —e€11,

12, €15] = —e12,

[613, 615] = —€11 — €13,
[614, 615] = —€12 — €14,
[e18, €10] = —2e19,
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It is a twenty-dimensional indecomposable. The semismple part is sl[(2,R) spanned
by e1s, €19, €29. The radical constitutes a three-dimensional abelain complement and a
fourteen-dimensional non-abelian nilradical spanned by ey, €16, €17 and ey, es, €3, ey, €5,

€6, €7, €8, €9, €10, €11, €12, €13, €14, individually.
4.10 Algebra?

The nonzero brackets are
le1, e5] = eq, [ea, €5] = e1+ea, [e3, €5] = aes—bey, [eq, e5] = bes+aey; (b #0), (4.19)
and the corresponding system of geodesic equations is
j=qu+iw, I=7iw, §=ayw+biw, Z=—-byw+azw, w=0. (4.20)

Symmetry algebra basis and nonvanishing brackets are, respectively,

€1 = an ex =D,

ez = Dy, €4 = Dm7

es = e Dy, es = v Dy,

er = (w—1)e"D, + e D,, es = " (cosbwD, — sinbwD,),

eg = " (sinbwD, + cosbwD,), eio = Dy,

€11 = ’U)Dt, €12 — QDq + xDz,

e13 = zDy —yD,, ey =yDy + 2D,

€15 — tDt, €16 — Dw~
[61, 612] = €1, [627613] = €3, [62, 614] = €9, [63, 613] = —€y,
[63, 614] = €3, [64, 66] = €1, [64, 612] = €4, [65, 612] = €5,
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[65, 616] = —€s, [66, 67] = —6s, [67, 612] = €, [67, 616] = —€5 — €,
les, e13] = —eg, es, e14] = es, les, 1) = —aes + beg,  [eg, e13] = eg,

[69, 614] = €y, [69, 616] = —aeg — beg, [610, 615] = €10, [611, 615] = €11,

[e11, €16] = —€10.

For the generic case, the symmetry algebra is a sixteen-dimensional indecomposable
solvable. The nilradical is an eleven-dimensional decomposeable, N; @ R*, spanned
by e1, e, €3, ¢eq4, €5, €6, €7 and eg, eg, €19, €11. The complement to the nilradical is a five-

dimensional abelian spanned byeis, €13, €14, €15, €16-
4.10.1 Subcase a =0

The symmetries and nonzero brackets are, respectively,

e1 =D, ey = (w—1)e"D, + e“ Dy,
es = xDg, es = Dy,

es = e’ Dy, e = whDy,

er =Dy, es = Dy,

eg = sinbwD, + cosbwD,,
€11 = Dy;

b
€13 — Dw + §(ZDy — yDZ),
€15 = yDy + ZDza

e1o = cosbwD, — sinbwD,,
e1p = tDy,
€14 = qu + xDma

€16 — ZDy — yDZ,

er7 = (zcosbw + ysinbw) D, + (y cosbw — zsinbw)D,,

e1s = (y cosbw — zsinbw) D, + (—z cos bw — ysinbw) D,

le1, e14] = €1, le2, e3] = es, e, e13] = —ep — e5, lea, e14] = e,
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[63, 64] = —¢€y, [64, e14] = €4, [65, 613] = —€5, [65, 614] = €5,

b
[66, 612] = €g, [667 613] = —e€g, [67, 613] = 5611, [67, 615] = €7,
[67, 616] = €11, [67, 617] = €10, [67, 618] = —€y, [68: e12] = €g,
—b
[69, 613] = 7610, [69, 615] = €y, [69, e16] = €10, [69; 617] = €11,
b
[69, 618] = —ér, [610> 6’13] = 569, [610, 6’15] = €10, [6’10, 616] = —€y,
b
[610, 617] = ér, [610, 618] = €11, [611, e13] = —567, [611; 615] = €11,
[611, e16] = —é€r, [611> 6’17] = €y, [611, 6’18] = €10, [616; 617] = —2eyg,
le16, 18] = 2eq7, le1r, e1s] = 2eq6.

They symmetry algebra is an eighteen-dimentional indecomposable Levi decomposi-
tion. The semisimple is s[(2, R) spanned by eq, €17, €13, whereas the radical comprises
of an eleven-dimensional decomposable nilradical Hs @ R® spanned by e1, es, €3, €4, €5
and ey, eg, eg, €19, €11, respectively, as well as a four-dimensional abelian complement

spanned by ejg, €13, €14, €15.
4.10.2 Subcase a=1

The symmetries and nonzero brackets are, respectively,

e1 = Dy, ey = (w—1)e"Dy + €“ Dy, es = xDy,
w

64:D:1I7 €; = ¢ an 66:th,

67:D27 68:Dt> 69:Dy7

e10 = e“(sinbwD, + cosbwD,), ey =€ (cosbwD, —sinbwD,), ey =tD;,

e13 = Dy, ey = qDy + 2Dy, ers =yDy + 2D,

€16 — ZDy — yDz.
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[61, 614] = €1, [62; 63] = €5, [62, 613] = —€2 — €5, [62, 614] = €9,

[63, 64] = —€1, [64, 6’14] = €4, [65, 613] = —€s, [65, 614] = €5,
[66; 612] = ¢, [66, 6’13] = —e8, [67, 6’15] = €, [67, 616] = €y,
[es, e12] = es, [eg, €15] = eo, [eg, €16] = —er, 10, €13] = —berr — e,
[e10, €15] = €10, [e10,€16] = €11, [e1n, €3] = bewo — e1n, [enn, e1s] = e,
[e11, e16] = —€10.

4.10.3 Subcase a=1,b=1

The symmetries and nonzero brackets are, respectively,

e = Dy, ey = (w—1)e“(D, + D,), es = xD,,
es = Dy, es = €Dy, eg = why,
67:Dya eSZDt> 69:DZ7

e10 = e“(sinwD, + coswD,), e = e“(sinwD, —coswD,), ey =tD;,
e13 = Dy, ey = qDg + xDy, eis =yDy + 2D,

€16 = yDz — ZDy.

[e1, e14] = e, le2,e3] = €5, [ea,e13] = —e2 —e5,  [ea, €14] = €2,

e, e4] = —e1, e, €14] = ey, es, e13] = —es, [e5, e14] = €5,

es, e12] = €6, €6, e13] = —es,  er, e1s] = ex, [e7, 16] = e9,

es, e12] = e, [eg, €15] = €9, leg, €16] = —ex, [e10, €13] = —e10 + €11,
[6107 615] = €10, [6107 616] = €11, [611, 613] = —€10 — €11, [611, 615] = €11,
[6117616] = —€10-
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For both subcases, the symmetry algebra is R® x (R® ¢ Hj;) indecomposable solv-
able. Its nilradical is an eleven-dimensional non-abelian spanned by ey, es, €3, €4, €5

and eg, €7, es, €9, €19, €11. The complement to the nilrdaical is abelian spanned by

€12, €13, €14, €15, €16-
abc
4.11  Algebrag’;
The nonzero brackets are

le1, e5] = aeq — eg, [e2, 5] = e1 + aey, [e3, e5] = beg — ceu, [eq, e5] = ces + bey; (¢ # 0),

(4.21)
and the associated system of geodesic equations is
4§ =aqu+ 2w, I=—quw-+azw, Y=>Dbyw+ciw, Z=—cyw+biw, w=0.
(4.22)

Symmetry algebra basis and nonvanishing brackets are, respectively,

e1 = e"(cos cwD, — sincwD,), es =Dy,
es=D,, €4 = Dq»
es = Dy, e = €™ (sincwD,, + cos cwD,),
er = Dy, eg = why,
eg = e™(—coswD, + sinwD,), e10 = € (sinwD, + coswD,),
enn =yDy, + 2D, e12 = qDy + 2Dy,
e13 = —x Dy + qDy, €14 = ZDy —yD.,
€15 = Dw, €16 — tDt.
le1, e11] = eq, le1,e14] = —eg, [e1,e15] = —bey + ceq, [e2, e11] = ea,
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[62, 614] = —€g3, [637611] = €3, [63, e14] = €9, [64, 612] = €4,

[64, 613] = €, [657616] = €5, [66, 611] = Ce, [66, 614] = €1,

[66, 615] = —beg — cey, [677612] = e, [67, 613] = —€y4, [68, 615] = —€s,

[es, e16] = es, [eg, €12] = e9, [eg, €13] = —e1o, [eg, €15] = —aeg — eqo,
[e10, €12] = €10, [e10, €13] = €9, €10, €15] = —aewn + €9

For the generic case, the symmetry algebra comprises of a sixteen-dimensional semi
direct product, R® x R?. The nilradical and its complement are abelian spanned by

€1, €2, €3, €4, €5, €6, €7, €3, €9, €10 and €11, €12, €13, €14, €15, €16, respeCtiveIY'
4.11.1 Subcase a =0

The symmetries and nonzero brackets are, respectively,

e1 =Dy, ez = Dy,

es = Dy, es = Dy,

es = Dy, eg = why,

er = sinwDgy + coswD,, eg = sinwD, — coswD,,

eg = €™ (sin cwD,, + cos cwD,), e1 = " (cos cwD, — sin cwD.,),
ern = tDy, e12 = qDg + xDy,

ei3 =yD, + 2D, ey = 2Dy —yD.,

e1s = Dy, + %(xDq —qD,), e = qD, — 2Dy,

e17 = (zsinw — gcosw) D, + (v cosw + ¢sinw)D,,

e1s = (zcosw + gsinw)D, + (gcosw — xsinw)D,.

1

[61, 613] = €1, [61, 614] = €5, [627612] = €9, [62, 615] = 5637
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[62, 616] = —€g3, [62, 617] = €7, [627618] = —€g, [63, 612] = €3,

[63, 615] = —%62, [63, 616] = €2, [637617] = €8, [63, 618] = €7,
[e4, en1] = e, [e5, e13] = es, les, e14] = —e1,  [es, €11] = e,
€6, €15] = —eu, le7, e12] = e7, le7, e15] = %687 e, e16] = es,
e7, e17] = e2, e, e15] = es, [es, e12] = es, [es, €15] = _%e%
[es, e16] = —er, les, e17] = e3, [es; 18] = —e2, [eg, €13] = e,
[eg, €14] = €10, eg, e15] = —beg — ce1o, [e10, €13] = €10, [e10, €14] = —e9,
[e10, €15] = —bewg + ceg, €16, €17] = 2e1s, le16, 18] = —2e17, [e17, e15] = —2eq6.
4.11.2 Subcase b =10
The symmetries and nonzero brackets are, respectively,

er = Dy, es =D,

e3s=D,, eqs = Dy,

es = Dy, e¢ = WDy,

er = sincwD,, + coscwD,, eg = coscwD, — sincwD,,

eg = e (sinwD, + coswD,), e1o = ™ (sinwD, — coswD,),
e = tDy, ez = yDy, + 2D,
e13 = qDg + 2Dy, €1y = qDy — xDy,
eis = D, + %(sz —yD,), e16 = 2Dy — yD,,
e17 = (2 cos cw + ysin cw) Dy, + (y cos cw — zsincw)D,,
e1s = (y cos cw — zsin cw)D,, — (2 cos cw + ysin cw)D,,.

[e1, e13] = ey, 1, e14] = e5, e, e12] = €2, ea, e15] = —563,
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[ea, e16] = —es, [e2, €17] =
[es, e15] = gez, [e3, €16] =
lea, en] = e, [e5, €13] =
€6, €15] = —eu, [e7, e12] =
le7, e17] = e, ez, e1s] =
les, e16] = —er, les, e17] =
[eg, €14] = €10, [eg, e15] =
[610, 615] = —aeyp — €y, [616, 617] =

€7, [62, 618] = €g, [63, 612] = €3,
€2, [63, 617] = €g, [63, 618] = —ér,
€5, [65, 614] = —€1, [667 611] = €¢,
c
€7, [67, 615] = _5687 [67, 616] = €g,
c
—es, [6’8,612] = eg, [68,615] = 56’7,
€3, [68, 618] = €2, [69, 613] = €y,
—aeg + €19, [610, 613] = €10, [610, 614] = —éy,
—2e18, le16, €18) = 2€17,  [e1r, e1s] = 2es6

For both subcases, it is s[(2, R) x (R®> x R1?) Levi decomposation algebra. The radical

comprises of a five-dimensional abelain complement and a ten-dimensional abelain

nilradical spanned by ej1, €19, €13, €14, €15 and ey, s, €3, €4, €5, €5, €7, €3, €9, €10, TESPEC-

tively. The s[(2,R) is spanned by ejq, €17, €1s.

4.11.3 Subcase a =0,b=0

The symmetries and nonzero brackets are, respectively,

€1 = DZ7
€3 = Dq,
€5 — Dy,

er = sinwDgy + coswD,,
eg = sin cwqDy + coscwD,,

en = tDy,

€13 = yDy + ZDz7

€2 = Dz:

eq = Dy,

€ — th,

eg = —coswD, + sinwDy,,

e1p = cos cwD, — sincwD,,

€12 = qu + xDa:a
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1 1 c
e = Dy + _I'Dq - _qDa: + _(ZDy - yDz)a

2 2 2
e16 = (zcosw + gsinw)D, + (gcosw — xsinw)D,,
er7 = (zsinw — gcosw) Dy + (z cosw + gsinw)D,,

e19 = (2 cos cw + ysin cw) D, + (y cos cw — zsincw)D,,

e = (y cos cw — zsin cw) D, — (z cos cw + ysin cw)D,,.

Cc

[61, 613] = ey, [61, 614] = 565, [61, 618] = €5,
1

[61, 620] = —eéy, [62, 612] = €3, [62, 614] = 563,

lea, e16) = —es,  [ea, e17] = er, [e3, €12] = e3,

[63, 615] = €2,

[63, 616] = €7,

C

[63, 617] = €8,

y = = —— —_— —
[65 613] €5, [65, 614] = 261; [657 618] = —¢€y,
[65, 620] = €10, [667 611] = €, [667 614] = —€4,
1
[67, 614] = Z€g, [67, 6’15] = €g, [67, 616] = €3,
2
1
[68; 612] = €3, [687 614] = —zeér, [687 615] = —ér,
2
c
3 = fry [ ——
[68 617] €3, [69,6’13] = €9, [697614] = 2610,

[69, 619] = €5, [69, 620] = —€1, [610, e13] = €10,

[610, 618] = —¢€y, [610, 619] = €1, [610, 620] = €5,

le1s, e17] = 2e16, |16, €17) = 2€75, le1s, €19] = —2eq,

[619, 620] = 2e;3.

€15 = qD, — 33qu

eis = 2Dy —yD.,

[61, 619] = €10,

[62, e15] = —€3,
1
[63,614] = —562,

4, e11] = €4,
[e5, €19] = €9,
e7, €12] = e7,
le7, e17] = €2,
es; €16] = —ea,
[eg, 18] = e1o,

C

[610, 614] = 569,

le15, €16] = —2e17,

le1s, €20] = 2eqg,

The symmetry algebra is indecomposable with Levi factor sl(2, R) @ sl(2, R) x (R?* x

R1?), where the semisimple has a two copy of s[(2,R) spanned by ejs, €16, €17 and

e1s, €19, €20. The nilradical R'? and its complement R* are abelain spanned by ey, e, €3,
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€4, €5, €6, €7, €8, €9, €19 and ey, €12, €13, €14, respectively.

4.11.4 Subcase b =a

The symmetries and nonzero brackets are, respectively,

er = Dy, eo=1D,,

€3 = Dq; es = Dy,

es = D, ee = why,

er = e (sinwD, + coswD,), es = e (—coswD, +sinwD,),

eg = €™ (sincwD, + cos cwD,), e10 = e™ coscwD,, — sincwD,),

e = tDy, e12 = Dy,

ez =yD, + 2D, €1 = qDgq + 2Dy,

eis = 2D, —yD,, e = qDy — 2D,
1, e13] = ey, 1, e15] = —e, e, e13] = €2, [ea, €15] = ey,
[e3, €14] = €3, [e3, €16] = €5, 4, e11] = €4, [e5, €14] = €5,
[e5, e16] = —es, e, e11] = e, e, e12] = —eu, [e7, e12] = —aer + e,
e, e14] = ez, e7, e16] = es, es, e12] = —aes — ez, [es, e14] = e,
es, e16] = —er, [eg, €12] = —aeyg — cerg, ey, e13] = eg, [eg, €15] = €10,
[e10, €12] = —aeig + ceg, [e10, €13] = 1o, le10, €15] = —eq.

The symmetry algebra is a sixteen-dimensional indecomposable solvable R® x R,
where the nilradical and its complement are abelian spanned by ey, es, €3, €4, €5, €g, €7, €3,

€9, €10 and €11, €12, €13, €14, €15, €16, respectively.
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4.12  Algebrag g

The nonzero brackets are

[e1, €5] = aer—eq, e, €5] = e1+aey, [es, 5] = e1taez—ey, [eq, €5] = eateztaes;  (a > 0),

(4.23)
and the corresponding system of geodesic equations is
j = aqu+iw+yw, T = —qutatw+ziw, §=ayw+iw, Z=-—ywtaiw, w=0.
(4.24)

Symmetry algebra basis and nonvanishing brackets are, respectively,

€1 = Dy,

€2 = D.’m

€3 = Dq,

€4 = Dta

es = D,

€g — ’U}Dt,

€7 = qu + 2Dy,

eg = yDy — 2D g+,

ea'LUD 6awD
eg = (sinwa — cosw)W—_l_i) + (acosw + sinw)ﬁ,
eaqu e D,

e = (—sinw — acosw) + (sinwa — cosw)

@+ 1) @+ 1)

e11 = (—wcosw + sinw)e®™ D, + (wsinw + cosw)e™ D, + e™(— coswD, + sinwD,),

aw aw
e™D, e™D,

e1r = ((a*w — 2a + w) sinw + QCosw)m + ((a®w — 2a + w) cos w — 2sinw) (@ + 1)+

+ " (sinwDy + coswD,),
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ei3 =tDy, el =Dy,
eis = qDg+axDy +yDy + 2D,

e = —vDy+qD, — 2Dy +yD,.

1, e7] = es, [e1, e8] = eq, le1, e15] = €1,
[e1, e16] = €5, [e2, €15] = €2, [ea, €16] = —e3,
[e3, €15] = e3, 3, e16] = €2, le4, €13] = €4,

[e5, e7] = ea, le5, e8] = —e3, [es, €15] = es,
les, e16] = —ex, [es; €13] = e, les, e14] = —eu,
le7, e11] = —aeip — ey, le7, e12] = —aey + e, es; €11] = aeg — e,
[68> 612] = —aejp — €y, [69, e14] = —aeg + €19, [69, 615] = €9,
[69, 616] = €10, [610, 614] = —aecjp — €y, [610, 615] = €10,

[610, 616] = —€o, [6117614] = —aey — €12 — 2ey, [611, 615] = €11,
[611, 616] = @€10 — €12 — €y, [6’12, 614] = —ae1z — 2aeg + €11, [612, 6’15] = €12,
€12, €16] = —aeyg — e1 + e

For the generic case, it is a sixteen-dimensional indecomposable solvable Lie algebra
with a twelve-dimensional non-abelian nilradical spanned by ey, e, e3, €4, €5, €4, €7, €3, €9,

€10, €11, €12 and a four-dimensional abelain complement spanned by e13, €14, €15, €16.
4.12.1 Subcase a =0

The symmetries and nonzero brackets are, respectively,

€1 = Dy,

€2 = Dza
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€3 = Dq,

eqs = Dy,

es =D,

e = why,

er =yDg + 2Dy,
es = yDy — 2Dy,

eg = sinwD, — coswD,,

el = —sinwD, — coswDy,

e11 = (zsinw — ycosw) D, + (2 cosw + ysinw)D,,

e12 = —(zcosw + ysinw)D, + (zsinw — y cosw)D,,

e13 = (2cosw + wsinw)D, + (wcosw — 2sinw) D, + sinwD, + coswD,,
e1y = (sinw — wcosw)Dy + (cosw + wsinw) D, — coswD, + sinwD,,

€15 = qu +axD, + yDy + 2D,

err =Dy, +

ey =qD, — 2Dy +yD, —xD,,

e19 = (zsinw — ycosw)D, + (zcosw + ysinw) D, + %((wz —x + 2y) cosw
—sinw(q + 2z —wy))D, + =((wy — ¢ — 2z) cosw — sinw(wz — x + 2y)) D,

1
+ §(zcosw + ysinw)D,, +

| = o =

(ycosw — zsinw)D,,

—~ DN

e20 = —(zcosw + ysinw)D, + (zsinw — ycosw) D, + ((q + 2z — wy) cos w

+ (wz —x +y)sinw)D, + ((wz —z +y) cosw — sinw(q + z — wy)) D,

+ (zsinw — ycosw)D, + (zcosw + ysinw)D,.
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[ela 67] = €3,
[61, 612] = €10,
[61, 618] = €5,

[62, 615] = €2,

1
[62, 619] = 569;
1
[637617] = —562,
[63, 620] = —€y,
[65, 68] = —€3,

[65, 615] = €5,

1
les, e19] = —5(610 + e1a),

es, e17] = —eu,
[67, 619] = €12,
[68, 614] = —€10;
[eg, €18] = €10,
[610, 615] = €10,

1

[610, 619] = 563;
[611, 614] = —é€g3,
[612, 613] = €3,

[612, 6’19] = €7,

le1s, 18] = —e10 + €14,

[614, 6’15] = €14,

le1, e5] =
[61, 615] =
le1, e10] =
[62, 617] =
€2, €20] =
[63, 618] =
e, e16] =
les, e11] =
les, e17] =
[e5, €20] =
le7, e13] =
[67, 620] =
[69, 615] =
e, €10] =
[610, 617] =
[e10, €20] =
[611, 618] =
[612, 614] =
[e13, €15] =

[613; 619] =

1
[614, 617] = —5(613 + 3ey),

€2,

€1,

1
€9 + 5613,
1
—e
92 39

€10,

€2,

€4,

—¢€10,

1
=€,

2

€13 + 269,

€10,

—2er1,

€9,

1

—€

9 25
1
2697

€2,
26127
—€y,
€13,
1

=€ — €2,

2
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[61, 611] = €9,

1
[61, 617] = — 3565,

2
le1, ea0] = €10 + €14,

[62, 618] = —€g3,

[63, 615] = €3,

1
[63, 619] = $¢€10,

2
[657 67] = €9,

[65, 612] = €9,
[65, 618] = —é€1,

[66, 616] = €e,

[67, 614] = —€o,
[687 613] = —€y,
1
[69, 617] = 5610,
[69, 620] = —é€3,
[610, 618] = —€y,
[611, 613] = —€g,
le11, €20] = —2e7,
[e12, €18] = —2e11,

1
le1s, e17] = 5(610 + e14),
le13, €20] = 2e3 + €5,

[614, e18] = —€13 — €9,
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1 1
[614, 619] = —5(63 + 65), [614, 620] = €1 — €y, [617, 619] = —5612,
le17, e20] = ea1, le1s, €19] = —ea, le1s, €20] = 4en,

[619, e20] = €18

The symmetry algebra is s[(2, R) x (R3xR!) with nontrivial Levi decomposition. The
semisimple part is 5[(2, R) spanned by e;g, €19, €29, Whereas the nilradical R'* and its
complement R? are abelian spanned by ey, 2, 3, €4, €5, €6, €7, €8, €9, €10, €11, €12, €13, €14

and ey, e1g, €17, respectively.
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CHAPTER 5

LIE SYMMETRIES OF THE CANONICAL CONNECTION:
CODIMENSION ONE ABELIAN NILRADICAL CASE

In this chapter, we construct the symmetries of the canonical connection for general
Lie groups geodesic equations. We examine a particular class, namely, those groups
for which the associated Lie algebras are solvable and have a codimension one abelian
nilradical. Further, we show that the derived symmetries are coincided with the sym-

metries of the equation of geodesics of A%,
5.1 A Codimension One Abelian Nilradical Lie Algebra

Definition 5.1 ([36]). Let g be a Lie algebra with basis {e1,...,e,}. g has a codi-
mension one abelian nilradical if the nonzero brackets of g are linear combinations
of
n—1
lei, en] = Zafek, i<n-—1. (5.1)
k=1

To illustrate the definition, we consider the algebra A% of Section 4.1, which is

spanned by ey, e, €3, €4, 5 with the nonzero brackets

le1,e5] = €1, [ea, 5] = aeq, [e3, €5] = bes, [eq, e5] = cey; (abc £ 0, -1 <c<b<a<1).

(5.2)

Such an algebra is an example of a codimension one abelian nilradical, where the
codimension is spanned by es.

Before continuing the analysis, we quote the following result, which has already

been proved in [47]. The primary purpose of stating such a result is to provide us
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with a coordinate normal form for the canonical connection of a Lie algebra that has
a codimension one abelian nilradical. Such Lie algebras are characterized by a matrix
ad(e,+1) where e, is a fixed element of g, usually taken as the last element of a

basis.

Theorem 5.1. (i) Suppose that g is Lie algebra of dimension n+ 1 such that there
exists a basis {eq, e, ..., en, eny1} for which the only non-zero brackets in g are given
by lei, ent1] = agej, where, on the right hand side the summation over j extends
from 1 to n. Then there exists a coordinate system (x',w) on the local Lie group G
associated to g, such that g is faithfully represented by (X;, W) where X; = % and
W =2 +akai B

(ii) In the coordinate system (x%,w) of (i) the geodesic equations of the canonical
connection are given by

it =alidw, W =0. (5.3)
5.2 Lie Symmetries of the Canonical Connection

We write the system of geodesic equations (1.1), that is,

i =Tl (i,5,k=1,...,n), (5.4)

as
W= fit, 2l ), (5.5)
where f(t,27,u7) = —T"; w/u* and u' denotes the time derivative of z’. We encode

u' = f(t,2?,v’) in terms of the associated differential linear operator

o .0

+ f"(t,:cf,uﬂ‘)aa.. (5.6)

ul
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In order to find the condition for a Lie symmetry for (5.5), we need a vector field of

the form X = £(t,2) 2 + n'(t, z) 22

557 such that [X, F] = A(t,z,u?)T for some function

A, where X is the first prolongation of X given by

. L0 , 0 . 0
X:f(t,x,u’)a+n’(t,x,uz)%+Pzaui, (57)

Pi:n'i_uié — Pz:nz_uzg_fzg
5.3 Determination of all Lie Symmetries

The Lie symmetry condition for the system of geodesic equations (5.5) is

[X,T] — Al =0, (5.8)
0 ; 0 o, B
[gamﬁﬂﬂw,r}—,\r_o, (5.9)
0 ; 0 ; 0 B
[ga,r} n [n %,P] v [P %,P] _AM =0, (5.10)
0 .0 -0 [0 2 0 e, B
g[E’F] "ot Mo R [Gxi’r] -F ou’ +r [Bui’r} —A'=0, (5.11)
aft o -0 i 8]” 5 0 ; afJ
é@t oui ot 8xl+ 0xd Qu? P@ui—i_P (8 ou? 8uJ)
0 0 ; B
’\<at+ o )_0, (5.12)
- 8 7 i i 8 6fZ jod f i Jafz i
(E42) 5+ (PP=tim ) o (654 = P P Af) 0. (5.13)
Equating to zero the coefficients of 2 o 8‘9,, and 5= leads to the following three sym-
metry conditions:
Pl =i — Mt =i — Ul — i + u'€ =0, (5.15)
oft | GOF i pi0ft i
Sat +n 907 —Pi4P 5 —Af'=0. (5.16)
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However,

iy o a0 i of
fit 2! ) = =Thulu®  so = 0. (5.17)
Thus,
8]“ 7 J 8f .
W = P Pt fE=0, (5.18)
;0f i GF g i\ O L i
Ui 07—U€—f£) (W—US> -+ fiE= (5.19)
fz : : Jafz afz i
77895 — it +u'd + fE 47 S §+f£ 0, (5.20)
2fi
;0f aoft
e n+U§+W8]—0, (5.21)
‘f\’."
j=1
jOoft  of7
it = =l = =0, (5.22)
§=E(t,2") and 1’ = 7'(¢,2"); thus
=200t €)= & + 't (5.23)
ot Uggi ) T ST S )
) o . -0 ) . o
(e J_ 27 () — ot Jot
0= )+l oS (') = g+ w'ing, (5.24)
which imply to the following identities:
€= €+ 20 + WU i + [En, (5.25)
n = ni +2uinl +wlutnt L 4+ k. (5.26)

Next, we shall make use of the identities, equations (5.25) and (5.26), where we have

used subscripts to denote derivatives. Thus, equation (5.22) becomes

(let + 2“”72933 + ujukn;jmk + fjnia) - ui (gtt + 2uj£txj + ujukgzjzk + flgxl)
aﬂ_ LOf
oui " oxi

— (] +uPr) —0. (5.27)
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Equation (5.27) contains terms of degree zero, one, two and three in the u’ and we

write down the coefficients of each term so as to obtain

827]i
=0, (5.28)

P of
Womor Yor  arow % (5:29)

) 82771‘ o afz 825 8777 6’]”

k 7 7 k _

it gk T — W s — Wi e~ ey =0, (5-30)
i,k 2€ z k 86 5.31
“““axaax f@xk_ (5.31)

Using equation (5.17), then equations (5.29), (5.30), and (5.31) give, on equating

powers of the u’ to zero,

62 ni 82 g ang

2amar gm0 (5.32)
L Ty W S . S
Gutgpm + i Lim g Lk T 5 = O = oo — ML = 0, (5:33)
L I, — 0. (5,34
Oz Ok ghSt = .

5.4 Codimension One Abelian Nilradical Case

Next, we shall adapt equations (5.28), (5.32), (5.33), and (5.34) to the codimension
one abelian nilradical case. Note that the Lie algebra is now of dimension n + 1. The
first n coordinates are denoted by x* and the (n + 1)th by w. We shall denote a Lie

symmetry now by

0 +n(t, 2, w)i (5.35)

- 0
X =&tz w) o "

at+77(t:c w)=—
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We shall employ the summation convention in the range 1 to n. The connection

components coming from equation (5.3) are given by

i i _ T 1. i _
ij =0, an+1 = Fn+1j = —3ay, Diini =0,

(5.36)

n+1 __ n+l _ pn+l __ n+1 _
Fij - 0> an+1 — Fn-i—lj - 07 Fn+1n—|—1 = 0.

We find the following conditions on &, n%, n where in the interest of brevity, derivatives

with respect to t and w are denoted by subscripts and derivatives with respect to !

is denoted by subscript ¢ and 1 < i, j, k, m < n. Hence, we have the following system

of PDE’s:
Epink = 0, (5.37)
Eains + %afém =0, (5.38)
) (5.39)
N = 0, (5.40)
Negk = 0, (5.41)
Nakgm = 0, (5.42)
Mok — Erak + %ainﬂ- =0, (5.43)
Now — 26w = 0, (5.44)
Mo — &t = 0, (5.45)
ni, =0, (5.46)
o — el =0, (5.47)
Moy — A7, = 0, (5.48)
20 — Ol — gy = 0, (5.49)
Mo et — Sahn — O — B =0, (5.50)
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. 1.1 1. .
%w—§W&—§%m+§%%rwxm=0 (5.51)

5.5 Solving the PDE’s System

Now, we integrate the system of PDE’s to the extent possible. As such the solution

to equations (5.40), (5.41), and (5.42) is given by
n = By(w)z" 4+ C(w)t + D(w). (5.52)

Turning now to (5.38) and (5.39). If we take the w-derivative of (5.38) and use (5.38),
we conclude that

al€piy = 0. (5.53)

Let us continue by assuming that the matrix A is non-singular. Then &,;,, = 0 and

using (5.38) again, we find that &,; = 0. As such, from (5.39) we conclude that
£ =E(t)w+ F(t). (5.54)

Now from (5.44) and (5.45) we obtain &, = 0 and 74, = 0. From the w-
derivative of (5.43) and the z*-derivative of (5.44) we deduce that 7,,,, = 0 and hence

again from (5.43) that n,; = 0. Integrating (5.44) and (5.45) gives
E=(Ft+Qw+ K+ Lt and n=Ct+ Fuw?+ Hw+ J. (5.55)

Now we consider (5.46),(5.47) and (5.48). Take the w-derivative of (5.47) and the
t-derivative of (5.48). We deduce that n¥, = 0 and hence from (5.47) that n} = 0, since

we are assuming that A is non-singular. Concerning (5.48) we find that the solution

1s

n' = A7 AM(z) + Ni(z). (5.56)

It remains to examine (5.49), (5.50) and (5.51). However, we see that in view of

107

www.manharaa.com




the conditions that have already been solved, (5.49) is satisfied identically. Further-
more, (5.50) reduces to

Hence, we may write

W= (a7 ie  (Pha™ + Q) + Riad + S, (5.58)

J

At this point, only (5.51) remains to be satisfied and it is

"% Pl 4 ai((a_l);ew“rpj +R}) - a’:((a_l)inew“?lP,i +R])—d,(2Fw+ H) —6,F = 0.

J

(5.59)
Equation (5.59) splits into the following two conditions:
aj(a”), e Pl =0, (5.60)
and
al R — i), — (2Fw + H)aj, — F&, = 0. (5.61)

Note that there are no conditions on Q* and S* and that necessarily PJl = 0 and

F = 0. After putting F' = 0, equation (5.61) may be written in matrix form as
[R,A] = HA, (5.62)

where the left-hand side is a commutator. To summarize, the solution for &, 7,7 is

given by equation (5.55) with F' =0 and
=Rl + S 4 e, (5.63)

and H and R satisfy condition (5.62). Hence, the analytical solutions of the PDE’s

system lead to the following result.
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Theorem 5.2. The symmetries for the geodesic equations of the canonical connection
(5.8), that is, i* = aji/w, @ = 0, associated to the class of (n + 1)-dimensional Lie
algebras that have a codimension one abelian nilradical are given by (5.35), that is,
X =&t a',w) 2 + 0tz w)s% +n(t, 2, w) 2, where

.

£t 2t w) = Lt + Guw + K,

$n(t, 2, w) = Ct+ Hw + J, (5.64)

i(t, 7', w) = Riad + e T" 4 S,

\

5.6 Comparison of Symmetries

In this section, following the previous analytical derivation of symmetries, we will
compare with the symmetries obtained by MAPLE for the geodesics of Agb; First,
we examine whether the matrix A for Agf’; is singular or not. The geodesic equations

are given

i = -Thdld*, (i=1,...,n), (5.65)

and of the canonical connection associated with (n + 1)-dimensional Lie algebra are
given by

i =aliw, =0, (i=1,...,n). (5.66)

Since the geodesic system of A2% is of dimension five, (5.65) becomes

= —F;kjjg'vk, (t=1,...,5), (sum over j,k=1,...,5). (5.67)
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rdin re now (', z*, x°, 2%, w), whi nd for (q,z,y, z, w). Hen
The coordinates are no U a2 23, 2% w), which stand for (¢, z,y, z, Hence,

(

-.1

— 1 11 1 :1:2 1 :1:3 Pl sl:4 Pl 2125
= —Ipoa —I'pra -’ -Tyea® -

1 2.1 1 :2:2 1 :2:3 7l :2:4 1 :2:5
Iy 270" — I'ypza® — Iygaa” — I'yyaa® — I'yza°a

i=11 —Dl a3t — Thidi? — Tladed — Ladit — Dhidid (5.68)
1 . . . .
—Iiatat — Thatae? — Diata® — T atat — Thatab

1 51 . 1 - . 1 :5:5

;

G= -T1144 T4t — T3y — 142 — iz
—TL i — Tlyid — Thady — D@4 — Tl
= —Thd — Tl — Ty — Tl — Tl (5.69)

1 . . 1 .. 1 o .

Recall that the geodesics of Agb;, (4.2), are ¢ = quw, ¥ = atw, § = byw, Z =

czw, w = 0. Hence, § = —2T'}.g0 = T'}; = —%, and therefore
(0 000 -1
0 00O0 O
Ihy=10 000 0 (5.70)
0 00O0 O
_—% 000 0]
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Analogously, for 1 = 2, 3,4, 5, we obtain

0O 0 00 O 00 0 0 O 000 0 O
0 0 00 —3 00 0 0 O 000 0 O
=10 0 00 of.Th=]00 0 0 -2, Th=(000 0 0],
0O 0 00 O 00 0 0 O 000 0 -3
0 =2 00 0| 00 -5 0 0 000 =5 0
(0 00 0 0
0 00O0O0
% =100000 (5.71)
0 00O0O0
0000 0
Furthermore, the connection components (5.36) in the range 1 to 4 are
(
Tio=0, (i k=1,...,4),
Fi, :Fi.:—lai.’ (’L,J:]_7 .,4),
75 5] 27 (5.72)
T, =0, (i=1,...,4),
15=0, I5=T5=0, T%=0 (ij=1..4)
The only remaining quantities, I';; = T',; = —3a}, can be computed as follows.
4
;=—-3 = —iaj=—-3 = a} =1,
;=0 = —2a}=0 = a} =0,
i=1¢ (5.73)
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i=2 - - (5.74)

i =34 (5.75)

=43 (5.76)

1 0 0O -1 0 0 0
0 a 00 0 —a O 0
A= — A= ) (5.77)
00 b o] *Y 0 0 —b 0
00 0 ¢ 0 0 0 —c

and clearly det(A) # 0, that is, A% is non-singular.

Next, we verify that the symmetry vector fields for the geodesics of Agf’; ex-
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ist, meaning that they match with the analytic derived symmetries (5.64). Let the

symmetry generator (5.35) be

Xr_€(t7x7w)a+n(t7$aw)%+n(tawi)%7 (Z_la“;4)
_ 2 1 a 2 8 3 a 4 8 i
X"_gaﬁ” ox! i 0x? i 3x3+n 8x4+n8w —

.0 e, 5 0 3 0 4 0 0 B
— XT_§8t+n 8q+77 &E—l—n ay—i—n az+"aw’ (r=1,...,16)

Recall that from equations (5.64), we have

(

E=Lt+Guw+ K,

{7 =Ct+ Hw+ J, (5.78)

' = Rigd + ev Tk + i)
\

and the first symmetry vector field in the generic case of Agf’; is

(

£=0,7=0,7 = Riad + S+ i T" =0, (i, j, k = 1,2,3),
774 _ R‘fxl + R%IQ + R§x3 + Rim‘l + 64 +ewa;1T1 _I_ewagTz +6wa§T3 + ewaﬁTél’
e = & < 774 _ R‘llq—kR%x +R§y+ Riz 484 4 ewai 'l + ewas T2 +ewa§T3 +ewaﬁT4,

=1 = S*=landR{=RI=RI=RI=T'=T2=T3=T%=0,

. _ 40 _ 0 _
\..Xl—’f]$ — Xl—E.Hence,el—Xl.

In an analogous manner,

E=0, n°'=0, (i=1,.,4),

0
62=a—w<n:1 = J=1landC =H =0,

coXg = 77% — Xy = %. Hence, e5 = Xo.

\
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0
63:ta<§=t = L=1landG=K =0,

X3 = f% — X3 = t% Hence, e3 = X3.

0
6’4=§<5:1 — K=1landG=L=0,

Xy = ﬁ% — Xy = %. Hence, e, = X4.
\
4

£=0,7=0,n=Rial + S+ ehT* =0, (i, j, k = 2,3,4),

) n' = Rlq+ Rz + Rby + Rlz + S' + ewai TV 4 ewia T2 4 was T3 4 ewaiT4

€y = —

0
“l=1 = st=1andRI =RV =Ry =RI=T'=T2=T% =71 =0,

O Xy = 7718@ == Xj = aﬁ. Hence, e5 = X5.
L q q
}

£=0,7=0,n = Rial + S+ e T" =0, (i, j, k = 1,3,4),

n? = R2q+ R3z + R2y + R2z + S% + eVl T 4 eWBT? 4 i T? 4 ¢woi T4,
€g — — <

P=1= P=landRR=R=R=R=T'=T2=T3=T*=0,

o X = 7’]2% = X4 = % Hence, eg = Xs.
(

£=0,n=0,17 = Rial + 8"+ evTk =0, (i, 5,k = 1,2,4),

o |7 = Riq+ Rz + Ry + Rz + 5% + e¥ST! 4 B T? 4 w3 T3 4 ewiT?,
€7 = —

P=1= PB=landRP =R =R =R =T'=T2=T3=T% =0,

S Xy = 7733% —= X3 = a%' Hence, e; = X.

\
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(

£=0,7=0,7=Rial + S + e T* =0, (i, 5, k = 2,3,4),

n' = Rlq+ Rz + Ry + Riz + S + ¥ T 4 ev3T? 4 "B T3 4 i T4,

n"=q¢ = Ri=landS'=RI=R,=R.=T'=T?=T3=T"'=0,

5 Xg = 7718% — Xz = qgiq. Hence, eg = Xg.

£=0,1=0,7 =Rzl + S+ e T" =0, (i, 5,k = 1,2,3),

nt = R+ Rix + Riy + Riz + S* + ewoil T 4 ewia T2 4 gwas T 4 ewai T4,

M=z = Ri=landS'=R!=Ri=RI=T'=T2=T%=T'=q,
Xy =92 = Xy =2zL. Hence, eg = X,.

n=0,7 = Riad + S+ eviTh =0, (i,j,k = 1,..,4),

e 2{
S_qaq
\
e —22
2T 70z
0

e10 = W 3

€11 = T {

ox

€12 = yﬁ_y

\

\
(

E=w = G=land K =L =0,

X10 = €6t —— X10 = 'UJ Hence €19 = X.10

;

§=0,n=0,1"= Riz/ + 5" +ew ik Th =0, (4,5, k = 1,3,4),

n? = R3q+ Rz + Ry + R3z + S? + T 4 e T? 4 w3 T3 4 ewedT?,

W=z = Ri=1land S’=R}I=R:=R;=T'=T?=T3=T"=0,
X =n? ‘1 — X, = x ~. Hence, e1; = X;.

§=0,n=0n" =Rial + S+ e Tk =0,(i,j,k =1,2,4),

7P = R3q+ R3x + R3y + Rz + S® + eV 4 eWBT? 4 w373 4 ewai T4,

=y = Ri=landS* =R} =R =Ri=T'=T*=T3=T"=0,

. 3.9 d
S X2 =1 oy X = Yag- Hence, €15 = Xys.
\
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(

£=0,7=0,7"=Rial + S+ ehT* =0, (i, j, k = 2,3,4),

n' = Rlq+ Rz + Rly + Riz + S' + eWai T 4 ewiT? 4 v T3 4 ewoi T4,
e13 = €' <

N=e" = al=T'=land Rl =R,=R,=RI=S5'=T*=T3=T" =0,

_ 10 _ 9 —
oo X3 = n3 9q = X3 =¢" ETR Hence, e13 = Xis.
(

£=0,7=0,n =Rzl + S+ e T" =0, (i, 5,k = 1,2,3),

o | 7" = Riqg+ Rix + Riy + Riz + S* 4 eviiT" 4 Wi T2 4 W3 4 v T,

€14 = ecwa—

2

=e" = al=c, T"=1and Rl =Ry =Ri=Ri=5'=T?>=T3=T*=0,

B Xy, = 774% — X, = ecw%. Hence, €14 = Xi4.

r

£=0,7=0,17"=Rizl + S + e»iTk = 0,(i,5,k = 1,3,4),

j

o |7 =Riq+ R3x + Ry + R3z + S? + e¥iT" 4 e“3T? 4 ¥ 373 4 ewiT?,

P=e" = di=a, T°=1,and RI=R5=RE=R:=S*=T'=T3=T"=0,

. _ 20 _ 0 —
[ Xy = N 5z = X5 = Ere Hence, e1s = Xis.
(

g:o,nzo,ni:R;ixj+5i+ewa?;T'f=o,(¢,j,k: 1,2,4),

;) 0} = R¥q+ R3x + Ry + R32 + S + ewoi T 4 ewiBT? 4 ewad T3 4 ¢wii T4,
€16 =€ "

=" = a3=0,T=1,and R =R}=R}=Ri=S3=T'=T?=T*=0,

5 X6 = X5 =e" a . Hence, e15 = Xy5.

_ 30
_nay

\

We summarize the above results in the following Proposition.

Proposition 5.1. The symmetry vector fields associated with the geodesic equations
of Asz (4.2) are obtained from the Lie symmetry vector field X = £(t, 2 w)at +

n'(t, 2t w) % 4+ nt, ot w) 2 of (5.3), that is, i = a%ilw, W = 0.
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Appendix A

NOTATION

DEs Differential Equations
ODEs  Ordinary Differential Equations

PDEs  Partial Differential Equations

R Real numbers
C Complex numbers
R™ n-dimensional Euclidean space

n-dimensional vector space

G Group
1 Identity element
g Lie Algebra

sl(n,R) Special linear Lie algebra of order n
[, ] Lie bracket

&) Direct sum of vector spaces

X Semi-direct product of vector spaces

char ' Characteristic of F

&7 Kronecker delta with 6/ = 1 for i = j and 6/ = 0 for i # j

det Determinant of a squar matrix

€ Real parameter

A m denotes the dimension of the algebra and n the nth one in the list
D Total derivative with respect to x

117

www.manharaa.com




REFERENCES

1] P.G. Fré. A Conceptual History of Space and Symmetry: From Plato to the

Superworld. Springer, 2018.

[2] F.Klein. “Vergleichende Betrachtungen tiber Neuere Geometrische Forsuchun-
gen, 1872, (‘A Comparative Review of Recent Researches in Geometry’)”. In:

Mathematische Annalen 43.1 (1893), pp. 63-100.

3] S. Lie and F. Engel. Theorie der Transformationsgruppen, vol 1. Reprinted
by Chelsea Publishing Company, New York, 1970.

[4] S. Lie and F. Engel. Theorie der Transformationsgruppen, vol 2. Reprinted
by Chelsea Publishing Company, New York, 1970.

[5] S. Lie and F. Engel. Theorie der Transformationsgruppen, vol 3. Reprinted
by Chelsea Publishing Company, New York, 1970.

[6] A.Stubhaug. The Mathematician Sophus Lie: It was the audacity of my think-

ing. Springer Science & Business Media, 2013.

[7] B. Fritzsche. “Sophus Lie: A Sketch of His Life and Work”. In: Journal of Lie
Theory 9.1 (1999), pp. 1-38.

8] I. James. Remarkable mathematicians: From FEuler to von Neumann. Cam-

bridge University Press, 2002.
[9] J. Stillwell. Naive Lie Theory. Springer Science & Business Media, 2008.

[10] L.V. Ovsiannikov. Group analysis of differential equations. Academic Press,

1982.

118

www.manharaa.com




[11] L.V. Ovsjannikov. Group properties of differential equations. Siberian Section
of the Academy of Science of USSR, 1962.

[12] G. Bluman and J. Cole. “The general similarity solution of the heat equation”.

In: Journal of Mathematics and Mechanics 18.11 (1969), pp. 1025-1042.

[13] P.J. Olver. Applications of Lie groups to differential equations. Vol. 107.

Springer Science & Business Media, 2000.

[14] G.W. Bluman and S. Kumei. Symmetries and differential equations. Vol. 81.

Springer Science & Business Media, 2013.

[15] G. Bluman and S. Anco. Symmetry and integration methods for differential

equations. Vol. 154. Springer Science & Business Media, 2008.

[16] G.W. Bluman, A.F. Cheviakov, and S.C. Anco. Applications of symmetry

methods to partial differential equations. Vol. 168. Springer, 2010.

[17] H. Stephani. Differential equations: their solution using symmetries. Cam-

bridge University Press, 1989.

[18] N.H. Ibragimov. Elementary Lie Group Analysis and Ordinary Differential
Equations. John Wiley and Sons, 1999.

[19] N.H. Ibragimov. CRC Handbook of Lie Group Analysis of Differential Equa-
tions: Symmetries, Fxact Solutions, and Conservation Laws, vol.1. Vol. 1.

CRC press, 1993.

[20] N.H. Ibragimov. CRC Handbook of Lie Group Analysis of Differential Equa-

tions: Applications in Engineering and Physical sciences, vol. 2. Vol. 2. CRC

Press, 1994.

119

www.manharaa.com




[21]

[22]

[23]

[24]

[25]

[26]

[27]

[28]

N.H. Ibragimov. CRC' Handbook of Lie Group Analysis of Differential Fqua-
tions: New Trends in Theoretical Developments and Computational Methods,

vol. 3. Vol. 3. CRC Press, 1995.

N.H. Ibragimov. A Practical Course in Differential Equations and Mathemat-
ical Modelling: Classical and New Methods. Nonlinear Mathematical Models.
Symmetry and Invariance Principles. World Scientific Publishing Company;,
2009.

N.H. Ibragimov. Transformation groups applied to mathematical physics. Vol. 3.

Springer Science & Business Media, 2001.

P.E. Hydon. Symmetry methods for differential equations: a beginner’s guide.
Vol. 22. Cambridge University Press, 2000.

J.M. Hill. Differential equations and group methods for scientists and engi-

neers. CRC Press, 1992.

B. Cantwell. Introduction to Symmetry Analysis. Vol. 29. Cambridge Univer-
sity Press, 2002.

D. J. Arrigo. Symmetry analysis of differential equations: An introduction.

John Wiley & Sons, 2015.

V. Tychynin, O. Petrova, and O. Tertyshnyk. “Nonlocal symmetries and gen-
eration of solutions for partial differential equations”. In: SIGMA. Symmetry,

Integrability and Geometry: Methods and Applications 3, 019 (2007).

G.W. Bluman and S. Kumei. “Symmetry-based algorithms to relate partial
differential equations: I. Local symmetries”. In: Furopean Journal of Applied

Mathematics 1.3 (1990), pp. 189-216.

120

www.manaraa.com



[30]

[34]

[35]

[36]

[37]

S. Kumei and G.W. Bluman. “When nonlinear differential equations are
equivalent to linear differential equations”. In: SIAM Journal on Applied

Mathematics 42.5 (1982), pp. 1157-1173.

F.M. Mahomed and P.G.L. Leach. “The Lie algebra sl(3, R) and lineariza-

tion”. In: Quaestiones Mathematicae 12.2 (1989), pp. 121-139.

L. Snobl and P. Winternitz. Classification and identification of Lie algebras.

Vol. 33. American Mathematical Soc., 2014.

L. Gagnon and P. Winternitz. “Symmetry classes of variable coefficient non-
linear Schrodinger equations”. In: Journal of Physics A: Mathematical and

General 26.23 (1993), p. 7061.

G.M. Mubarakzyanov. “Classification of real Lie algebras in dimension five”.

In: Izv. Vysshikh Uchebn. Zavedneii Mat 3.34 (1963), pp. 99-106.

J. Patera et al. “Invariants of real low dimension Lie algebras”. In: Journal

of Mathematical Physics 17.6 (1976), pp. 986-994.

R. Ghanam, I. Strugar, and G. Thompson. “Matrix representations for low
dimensional Lie algebras”. In: Eztracta mathematicae 20.2 (2005), pp. 151—
184.

R. Ghanam and G. Thompson. “Minimal Matrix Representations of Five-
Dimensional Lie Algebras”. In: extracta mathematicae 30.1 (2015), pp. 95—
133.

R. Ghanam, M. Lamichhane, and G. Thompson. “Minimal matrix represen-
tations of decomposable Lie algebras of dimension less than or equal to five”.

In: eztracta mathematicae 33.2 (2018), pp. 219-227.

121

www.manaraa.com



[39] J. McCleary. Geometry from a differentiable point of view. Cambridge Uni-
versity Press, Cambridge, UK, 1994.

[40] B. O’Neill. Elementary Differential Geometry Academic Press Inc. 1966.

[41] A.N. Pressley. Elementary differential geometry. Springer Science & Business
Media, 2010.

[42] S.M. Carroll. Spacetime and geometry. Cambridge University Press, 2019.

[43] S. Hassani. Mathematical physics: a modern introduction to its foundations.

Springer Science & Business Media, 2013.

[44] R. Ghanam, G. Thompson, and E. Miller. “Variationality of four-dimensional

Lie group connections”. In: Journal of Lie Theory 14.2 (2004), pp. 395-425.

[45] E. Cartan and J.A. Schouten. “On the geometry of the group-manifold of
simple and semi-groups”. In: Proc. Akad. Wetensch., Amsterdam 29 (1926),
pp. 803-815.

[46] G. Thompson. “Variational connections on Lie groups”. In: Differential Ge-

ometry and its Applications 18.3 (2003), pp. 255-270.

[47] 1. Strugar and G. Thompson. “Inverse problem for the canonical Lie group

connection”. In: Houston Journal of Mathematics 35.2 (2009), pp. 373-409.

[48]  Z. Muzsnay and G. Thompson. “Inverse problem of the calculus of variations
on Lie groups”. In: Differential Geometry and its Applications 23.3 (2005),
pp. 257-281.

[49] R. Ghanam and G. Thompson. “Symmetry algebras of the canontical lie group
geodesic equations in dimension three”. In: Mathematica Aeterna 8.1 (2018),

pp. 37-47.

122

www.manaraa.com



[50] R. Ghanam and G. Thompson. “Lie Symmetries of the canonical geodesic
equations for four-dimensional Lie groups”. In: Mathematica Aeterna 8.2

(2018), pp. 57-70.

[51] P.J. Olver. Equivalence, invariants and symmetry. Cambridge University Press,

1995.

[52] D.H. Sattinger and O.L. Weaver. Lie groups and algebras with applications
to physics, geometry, and mechanics. Vol. 61. Springer Science & Business

Media, 2013.

[53] R. Gilmore. Lie groups, Lie algebras, and some of their applications. Courier

Corporation, 2012.

[54] J. Gallian. Contemporary Abstract Algebra. Brooks/Cole Cengage Learning,
2013.

[55] F. Schwarz. Algorithmic Lie theory for solving ordinary differential equations.
Chapman and Hall/CRC, 2007.

[56] R. Gilmore. Lie groups, physics, and geometry: an introduction for physicists,

engineers and chemists. Cambridge University Press, 2008.

[57] Y.N. Grigoriev et al. Symmetries of integro-differential equations: with appli-

cations in mechanics and plasma physics. Springer, 2010.
[58] N. Jacobson. Lie algebras. Interscience Publishers, 1962.

[59] J.E. Humphreys. Introduction to Lie algebras and representation theory. Vol. 9.

Springer Science & Business Media, 2012.

[60] K. Erdmann and M.J. Wildon. Introduction to Lie algebras. Springer Science
& Business Media, 2006.

123

www.manharaa.com




[61]

[62]

[65]

[66]

[67]

[68]

[69]

A.W. Knapp. Lie groups beyond an introduction. Vol. 140. Springer Science
& Business Media, 2013.

J.C. Ndogmo and P. Winternitz. “Solvable Lie algebras with abelian nilradi-
cals”. In: Journal of Physics A: Mathematical and General 27.2 (1994), p. 405.

E.E. Levi. “Sulla struttura dei gruppi finiti e continui”. In: Atti. Accad. Sci.
Torino 40 (1905), pp. 551-565.

K. Andriopoulos et al. “On the systematic approach to the classification of
differential equations by group theoretical methods”. In: Journal of Compu-

tational and Applied Mathematics 230.1 (2009), pp. 224-232.

R. Ghanam and G. Thompson. “Symmetries of the Eikonal equation”. In:
Communications in Nonlinear Science and Numerical Simulation 60 (2018),

pp. 137-144.

A. Gonzélez-Lépez. “Symmetries of linear systems of second-order ordinary
differential equations”. In: Journal of mathematical physics 29.5 (1988), pp. 1097—
1105.

S. Lie. Vorlesungen uber Differentialgleichungen mit bekannten infinitesimalen

Transformationen. BG Teubner, 1891.

M.C. Nucci. “The role of symmetries in solving differential equations”. In:

Mathematical and Computer Modelling 25.8-9 (1997), pp. 181-193.

A.A. Chesnokov. “Symmetries and exact solutions of the rotating shallow-
water equations”. In: European Journal of Applied Mathematics 20.5 (2009),
pp. 461-477.

S. Helgason. Differential geometry, Lie groups, and symmetric spaces. Vol. 80.

Academic press, 1979.

124

www.manaraa.com



S. Lie. “Classification und Integration von gewohnlichen Differentialgleichun-
gen zwischenxy, die eine Gruppe von Transformationen gestatten”. In: Math-

ematische Annalen 32.2 (1888), pp. 213-281.

R. Hermann. Sophus Lie’s 1880 transformation group paper. Math Science
Pr, 1975.

M. Senthilvelan, V.K. Chandrasekar, and R. Mohanasubha. “Symmetries of
nonlinear ordinary differential equations: The modified Emden equation as a

case study”. In: Pramana 85.5 (2015), pp. 755—787.

N. Sthanumoorthy. Introduction to Finite and Infinite Dimensional Lie (Su-

per) algebras. Academic Press, 2016.
F. Iachello. Lie algebras and applications. Vol. 12. Springer, 2006.

A.V. Borovskikh. “Group classification of the eikonal equation for a 3-dimensional

inhomogeneous medium”. In: Sbornik: Mathematics 195.4 (2004), p. 479.

A.V. Borovskikh. “Group Classification of Eikonal Equations for the Wave
Equation in Inhomogeneous Media”. In: Journal of Mathematical Sciences

129.1 (2005), pp. 3537-3549.

A.V. Borovskikh. “The two-dimensional eikonal equation”. In: Siberian Math-

ematical Journal 47.5 (2006), pp. 813-834.

[LA. Egorchenko and R.O. Popovich. “Group Classification of Generalized
Eikonal Equations”. In: Ukrains’ kyi Matematychnyi Zhurnal 53.11 (2001),

pp- 1513-1520.

A.V. Borovskikh. “Eikonal equations for an inhomogeneous anisotropic medium?”.

In: Journal of Mathematical Sciences 164.6 (2010), pp. 859-880.

L.C. Evans. Partial Differential Equations, 2 nd. Vol. 19. 2010.

125

www.manaraa.com



[82]

[84]

[85]

[36]

[88]

W.I. Fushchich, W.M. Shtelen, and N.I. Serov. Symmetry analysis and exact
solutions of equations of nonlinear mathematical physics. Vol. 246. Springer

Science & Business Media, 2013.

E.S. Cheb-Terrab and K. Von Biilow. “A computational approach for the an-
alytical solving of partial differential equations”. In: Computer Physics Com-

munications 90.1 (1995), pp. 102-116.

G.S. Hall. Symmetries and curvature structure in general relativity. World

Scientific, 2004.

F.E. Laine-Pearson and P.E. Hydon. “Classification of discrete symmetries
of ordinary differential equations”. In: Studies in applied mathematics 111.3

(2003), pp. 269-299.

M. Molati and H. Murakawa. “Exact solutions of nonlinear diffusion-convection-
reaction equation: A Lie symmetry analysis approach”. In: Communications

in Nonlinear Science and Numerical Simulation 67 (2019), pp. 253-263.

S.T. Chen and W.X. Ma. “Exact Solutions to a Generalized Bogoyavlensky-
Konopelchenko Equation via Maple Symbolic Computations”. In: Complexity
2019 (2019).

D.A. Lyakhov, V.P. Gerdt, and D.L. Michels. “On the algorithmic lineariz-
ability of nonlinear ordinary differential equations”. In: Journal of Symbolic

Computation (2019).

U. Goktag and W. Hereman. “Algorithmic computation of generalized sym-
metries of nonlinear evolution and lattice equations”. In: Advances in Com-

putational Mathematics 11.1 (1999), pp. 55-80.

126

www.manaraa.com



[90]

[92]

[93]

J. Carminati and K. Vu. “Symbolic computation and differential equations:
Lie symmetries”. In: Journal of Symbolic Computation 29.1 (2000), pp. 95—
116.

G.J. Reid. “Finding abstract Lie symmetry algebras of differential equations
without integrating determining equations”. In: European Journal of Applied

Mathematics 2.4 (1991), pp. 319-340.

W.H. Steeb. Continuous symmetries, Lie algebras, differential equations and

computer algebra. World Scientific Publishing Company, 2007.

H. Almusawa, R. Ghanam, and G. Thompson. “Symmetries of the Canonical
Geodesic Equations of Five-Dimensional Nilpotent Lie Algebras”. In: J. Gen.
Lie Theory Appl 13 (2019), pp. 1-5.

H. Almusawa, R. Ghanam, and G. Thompson. “Classification of Symmetry Lie
Algebras of the Canonical Geodesic Equations of Five-Dimensional Solvable

Lie Algebras”. In: Symmetry 11.11 (2019), p. 1354.

G. Crzichowski. “Lie theory of differential equations and computer algebra”.

In: Seminar Sophus Lie. Vol. 1. 1991, pp. 83-91.

R.M. Cherniha. Lie and non-Lie Symmetries: Theory and Applications for
Solving Nonlinear Models. MDPI, 2018.

A. Bansal et al. “Lie symmetry analysis for cubic—quartic nonlinear Schrodinger’s

equation”. In: Optik 169 (2018), pp. 12-15.

S. Ali et al. “Embedding algorithms and applications to differential equa-

tions”. In: Journal of Symbolic Computation 86 (2018), pp. 166-188.

127

www.manaraa.com



[99] H. Azad et al. “Symmetry analysis of wave equation on static spherically
symmetric spacetimes with higher symmetries”. In: Journal of Mathematical

Physics 54.6 (2013), p. 063509.

[100] M. Tsamparlis and A. Paliathanasis. “Lie and Noether symmetries of geodesic
equations and collineations”. In: General Relativity and Gravitation 42.12

(2010), pp. 2957-2930.

[101] T.M. Rocha Filho and A. Figueiredo. “[SADE] a Maple package for the sym-
metry analysis of differential equations”. In: Computer Physics Communica-

tions 182.2 (2011), pp. 467-476.

[102] J.T. Pei and Y.S. Bai. “Lie Symmetries, Conservation Laws and Exact Solu-

tions for Jaulent-Miodek Equations”. In: Symmetry 11.10 (2019), p. 1319.

[103] G. Gaeta. Nonlinear symmetries and nonlinear equations. Vol. 299. Springer

Science & Business Media, 2012.

128

www.manharaa.com




VITA

Hassan A. Almusawa was born on November 25, 1989, in the village of Al Me’zaab,
Jazan, Saudi Arabia. He received his Bachelor of Science in Mathematics from Jazan
University, Saudi Arabia in August 2011. He received a Master of Science in Applied
and Computational of Mathematics from University of Massachusetts Lowell, Lowell,

Massachusetts in December 2015.

129

www.manharaa.com




	SYMMETRY ALGEBRAS OF THE CANONICAL LIE GROUP GEODESIC EQUATIONS IN DIMENSION FIVE
	Downloaded from

	tmp.1589388340.pdf.k5iuX

